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Abstract
The abundance of environmental kinetic energy combined with advances in the elec-
tronics and MEMS industries have opened a window of opportunities for the design and
fabrication of self-powered, battery independent, low-power electronic devices. Kinetic en-
ergy harvesting, the process that captures vibrations from the environment or surrounding
systems and converts them into electrical power, offers the prospects of unlimited power for
such systems. Vibration energy harvesters (VEHs) are vibration-based micro-power gen-
erators that utilize mechanical oscillators to capture ambient vibration energy and convert
it into electrical power using one of three main transduction mechanisms, electromagnetic,
electrostatic, or piezoelectric.
A key feature of VEHs is their ability to harvest maximum environmental vibration
energy from low amplitude and low frequency vibrations from a wide spectrum of fre-
quencies. Traditional VEHs use linear mechanical oscillators as their harvesting element
and are tuned to harvest environmental vibrations at resonance frequency present within
the application environment. These VEHs are usually designed to harvest energy from
high frequency vibrations in a narrow band in the vicinity of the natural frequency of
the mechanical oscillator, and outside this narrow band of frequencies their output power
is significantly reduced. In environments where ambient vibrations are random and only
available at low frequencies, conventional harvesters prove to be ineffective.
Although such devices are capable of generating power from vibrations with frequencies
close to their resonance frequency, the need for harvesters that can harvest energy from
broadband vibration sources has become an interesting research topic in recent years. To
overcome the limitations associated with traditional vibration energy harvesters, nonlinear
phenomena, such as hardening and softening nonlinearities, magnetic levitation, and im-
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pact have been sought as a solution to broadband vibration energy harvesting. In this thesis
we aim to address this challenge by investigating a new architecture of an electromagnetic
vibration energy harvester, the electromagnetic “Springless” vibration energy harvester
(SVEH). The new architecture differs from traditional harvester as it uses a double-impact
oscillator as its harvesting element as opposed to the linear model.
Experimental results show that the new SVEH is capable of harvesting vibration ener-
gies with frequencies as low as 5Hz and amplitudes as low as 0.05 g in a frequency band of
about 8Hz. The harvester generates maximum output power of 12 mWatt from vibrations
with amplitude of 0.5 g and an optimal load of 3.6 Ω. Experimental results also show that
the “nonlinear” center frequency of the harvester is not constant, as in the case of conven-
tional harvesters, but depends on the amplitude and frequency of the external vibrations
and whether the harvester is operated in the vertical or horizontal position. Experimental
as well as the numerical frequency response curves of the SVEH also show the existence
of hardening nonlinearity in the horizontal configuration and softening nonlinearity in the
vertical configuration in the system. The hardening effect allows harvesting of energy in
the high frequency spectrum, about 25 Hz and a bandwidth of 7 Hz, while the softening
effect allows harvesting at the lower end of the frequency spectrum, which is around 5 Hz
and a bandwidth of 8 Hz.
Models of the SVEH in the vertical and horizontal configurations were developed and
nonlinear numerical and analytical methods were used to analyze the system to gain a
deeper understanding of the system’s behavior. The experimental data is then used to
validate the models.
The harvester’s ability to harvest vibration energy from low frequency (≤ 25Hz) and
low amplitude vibrations (≤ 0.5g) in a wide band (≥ 5Hz) is one of the unique features
of the SVEH demonstrated in this work.
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Chapter 1
Introduction
This chapter is divided into four sections, the first section gives a general overview about
energy harvesting and highlights some of difficulties associated with conventional vibration
energy harvesters. The motivations behind this research and its objectives are provided in
the second and third sections, and a thesis outline is given at the end of the chapter.
1.1 Energy Harvesting
Energy harvesting, or energy scavenging, is an emerging technology that strives to extract
energy from ambient sources and convert it into electrical energy by direct energy conver-
sion techniques [1, 2, 3]. The diagram, shown in Figure 1.1, depicts the four main elements
of an energy harvesting system. A source of ambient energy, such as solar, wind, thermal,
and kinetic, provides the energy to be harvested. The energy harvesting module consisting
of a micro-power generator that captures and transforms ambient energy into electrical
energy. The power management circuitry conditions and stores the harvested power. The
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harvested power is then delivered to a load in the form of a low-power electronic device.
Figure 1.1: Energy harvesting process
Energy exists in various forms almost everywhere in the environment surrounding us.
It can be found in the form of solar, wind, thermal, and kinetic energy. Technologies asso-
ciated with solar and wind energies have made great strides over the last few years. Solar
panels and wind turbines have become a familiar sight in our daily life and have become
a major source of alternative and clean energy. However, with advances in the electron-
ics and MEMS industries, which led to the development of low-power electronic systems,
another source of energy that has attracted the attention of the research community in
recent years is ambient kinetic energy [4, 5].
Sources of ambient vibrations can be found in numerous applications including com-
mon household appliances (such as fridges, washing machines, microwave ovens, laptops
etc...), industrial plant equipments, moving structures such as automobiles, airplanes, and
structures such as buildings and bridges [6]. The low-power consumption of small scale
electronic devices combined with the abundance of vibration energy and the need for au-
tonomous electronic goods made vibration based energy harvesting a potential alternative
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source of energy to replace or complement batteries [5]. A range of wireless devices with
different amplitudes of power consumption and typical battery life are shown in Table 1.1
[7].
Device Type Power Consumption Duration
Smartphone 1 W 5 h
MP3 Player 50 mW 15 h
Hearing aid 1 mW 5 days
Wireless sensor 100 µW Lifetime
Cardiac pacemaker 50 µW 7 years
Quartz watch 5 µW 5 years
Table 1.1: Selected battery-operated systems
To tap into this unlimited source of energy, Several academic and commercial research
groups have been involved in the analysis and development of vibration energy harvesters
(VEHs). VEHs are micro-power generators that capture and convert vibration energy into
electrical energy. The conversion process is accomplished using one of three main transduc-
tion mechanisms, electrostatic, electromagnetic, and piezoelectric, and their choice depends
on the type of the application and the environment of their deployment. A full description
of the three transduction mechanism is given in chapter 2. The voltage generated by these
micro-power generators is in AC form, hence conditioning is required to convert it into DC
voltage. Voltage conditioning is achieved using a rectifier circuit, usually a bridge diode
or MOSFET rectifier as shown in Figure 1.2. As the harvested energy is low and might
not be used right away, energy storage devices are needed to accumulate the energy for
intermittent use. Capacitors and super capacitors are usually used as storage devices for
the energy harvester.
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Figure 1.2: Full-wave bridge rectifier
Vibration energy harvesters are classified as resonance and non-resonance based har-
vesters. In the resonance-based approach, the mechanical oscillator is a single-degree-of-
freedom (SDOF) oscillator designed to be in resonance with the environmental vibration
to maximize the harvested energy [5, 6]. In this type of design, the natural frequency
of the harvester, which depends on the stiffness and mass of the mechanical oscillator, is
often chosen to coincide with the frequency of the environmental vibration. In the early
literature, the vast majority of mechanical oscillators used in vibration energy harvesting
are of the resonance type. They are usually designed to maximize the coupling between
the mechanical system and the transduction mechanism and depends entirely upon the
characteristics of the environmental vibration. The non-resonance based approach is the
new trend in vibration energy harvesting, and its main objective is to explore nonlinear
phenomena, such as hardening and softening nonlinearities, impact, and different geome-
tries of structures used in the design of VEHs to overcome some of the challenges, such as
low power density and narrow frequency bandwidth, associated with the resonance-based
harvesters.
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1.2 Motivation
As stated earlier, advances in the IC and micro-electronics technologies reduced the size
and power consumption of electronic devices significantly. The power needs for many
of these devices, such as wireless sensors, biomedical implants, portable and wearable
electronic devices require only few to hundreds of milliwatts to operate[1, 8]. At the
same time a large number of applications where these devices are used are either placed
in remote locations or in areas that are not easily accessible. Most, if not all, of these
low-power systems rely heavily on electrochemical batteries as a source of power. Modern
battery technologies offer a relatively high specific energy density at a low cost. However,
the drawback to battery power is that they have a limited lifespan and they constantly
need to be recharged or replaced. For certain applications, such as wireless sensing, and
remote monitoring, replacing batteries or recharging them can be expensive, challenging,
or impossible at times. Examples include biomedical implants, wireless sensor networks
intended for long durations, and systems that are physically remote [9]. Another serious
problem with batteries is the fact that they contain hazardous chemical materials that
are harmful to the environment if not recycled. In Canada, for instance, over 600 million
primary consumer batteries were used in 2007 and about 90% of them end up in landfills
[10].
The low-power electronics design trends combined with self-sustainability needs pre-
sented an opportunity for researchers to seek alternative ways to power such devices in
order to eliminate or reduce dependency on batteries. One promising avenue to achieve
this goal is to exploit ambient vibration energy sources to provide an environmentally
friendly and a durable source of energy. Vibration energy harvesting technology has been
making significant strides over the last few years as it aims to provide a continuous and
5
uninterrupted source of power for low-power electronic devices and wireless sensors. While
the idea of converting environmental vibration energy into electrical energy has been used
before, advances in micro-electronics and low power consumption of silicon-based electron-
ics and sensors have given it an added significance.
Figure 1.3: Linear vibration energy harvester and corresponding resonance phenomena
A number of vibration energy harvesters (VEHs) have been proposed over the last few
years and most of them are resonance-based energy harvesters [11, 12, 13]. These implement
a single degree-of-freedom linear spring-mass-damper as the harvesting element as show in
Figure 1.3. In this setup, the seismic mass moves under the influence of base excitation
supported by a spring. The oscillator attains maximum velocity, and thus input kinetic
energy, in a frequency band close to its natural frequency. While these types of energy
harvesters are capable of generating electrical energy with output power on the order of
few milli-Watts [14, 15], their natural frequency must be tuned to match the frequency of
ambient vibrations. The limitation to this approach is that the generator is, by definition,
designed to work at a single frequency. A high Q-resonance to limit energy losses means
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a very limited practical bandwidths over which energy can be harvested. If the resonant
frequency does not match the ambient vibration frequency, output power of the generator
drops significantly. In some applications the frequency of the environmental vibration is
known before the harvester is designed and fabricated, in such cases the harvester can
be built with appropriate resonance characteristics. However, in other situations, the
frequency is not known or might change over time, therefore, frequency tuning of the
harvester is not always possible [6]. Another challenge that faces linear VEHs is that
ambient vibrations are distributed over a wide spectrum of frequencies, with significant
predominance of low frequency components [16], which means that building linear VEHs
to harvest low frequency vibrations can be an onerous task.
Due to these challenges, there has been a great deal of research to realize low frequency,
self-tuning, and wideband VEHs. To overcome these limitations, many researchers have
followed different approaches by exploiting the properties of nonlinear phenomena. Over
the past few years there has been a number of research papers that demonstrated the
efficacy of nonlinear systems to overcome modern challenges in vibratory energy harvesting
[17]. To date, strategies to widen the frequency bandwidth include:
• Use of active and passive frequency tuning techniques.
• Use of an array of mechanical oscillators with different resonant frequencies. The
oscillators are designed to resonate at different environmental frequencies to enhance
the harvester’s bandwidth.
• Introduction of mechanical stoppers (impact) to limit the harvester’s displacement
and abruptly change its stiffness (hardening).
• Introduction of nonlinear stiffness (mechanical and magnetic), such as hardening and
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softening, in the design of the harvester and exploit some of the frequency widening
properties of nonlinear systems.
In this work we propose a new architecture to address the aforementioned challenges of
limitation of frequency bandwidth, and harvesting low frequency vibrations, encountered
in linear VEH, namely the “Springless” vibration energy harvester (SVEH). In this design,
the harvester uses a double-impact oscillator as the harvesting element. The oscillator
consists of a seismic mass comprising four magnets placed in a ferromagnetic cage that
moves freely (not connected to springs) between two end limiters (springs) along a linear
guide. The nonlinearities due to impacting in the “Springless” vibration energy harvester
are exploited to enable wideband and low frequency energy harvesting.
1.3 Objectives
The main objectives of this research can be summarized as follows:
• Implementation of a non-resonance based vibration energy harvester to realize a low
frequency (5 to 25 Hz ) and broadband vibration energy harvester (VEH) capable of
harvesting low vibration energy from the surrounding environment.
• Develop and simulate nonlinear models of the SVEH in two configurations, horizontal
and vertical.
• Testing and validation of the SVEH in the horizontal and vertical configurations.
• Use of nonlinear methods, namely shooting and averaging, to analyze the model.
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1.4 Outline
This work is organized in seven chapters. The first chapter gives a general overview of
energy harvesting and the research motivations and objectives. Literature review of existing
vibration energy harvesters and their applications, with a focus on electromagnetic and
nonlinear harvesters, will be presented in chapter 2.
In chapter 3, we describe the new SVEH architecture, in particular we model and
analyze its magnetic field and investigate how it interacts with the coil. In chapters 4 and
5 we develop models of the VEH in the horizontal and vertical configurations, and identify
their regions of operations. Numerical and experimental results of the two configurations
are presented, analyzed, and discussed. In chapter 6, we present experimental results
of an earlier prototype of the harvester to show limitations associated with other coil
configurations. Results are analyzed, limitations identified, and recommendations for best
design are made. In chapter 7, a summary of the results of this research and future work
will be presented.
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Chapter 2
Background
In this chapter we review vibration energy harvesting and the different types of vibra-
tion energy harvesters (VEHs) that have been proposed over the years. A brief overview
of the three main transduction mechanisms used in vibration energy harvesting is given
along with a detailed analysis of electromagnetic vibration energy harvesting. Examples
of applications where vibration energy harvesting has been used along with examples of
commercial vibration energy harvesters will be presented. We will examine the current
state of the art and the ongoing challenges preventing a breakthrough of vibration en-
ergy harvesting technology, and survey different strategies that have been proposed for the
design of wideband vibration energy harvesters.
2.1 Literature Review
Environmental vibration energy, also referred to in the literature as kinetic energy, is
ubiquitous, freely available, and comes from various sources, both human-made and natural
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[18, 19]. These include transportation, such as rail, aviation, and highway traffic; machinery
at adjacent facilities; structures such as buildings, bridges and construction work; and
human vibrations such as walking, blood pressure and heart beat. Table 2.1 [20] lists sample
sources of vibration energy according to the magnitude of the frequency and acceleration
of the fundamental vibration mode.
Vibration Source Acceleration (m/s2) Mean Frequency (Hz)
Car engine compartment 12 200
Base of a 3-axis machine tool 10 70
Blender casing 6.4 121
Dryer 3.5 121
Microwave Oven 2.5 120
Laptop CD 0.7 75
HVAC System 0.2-1.5 60
Table 2.1: Magnitude and frequency of sample vibration sources
2.1.1 Transduction Mechanisms
The principle behind vibration energy harvesting is the displacement of a moving mass or
the mechanical deformation of some structure inside the energy harvesting device. This
displacement or deformation can be converted into electrical energy by one of three main
transduction mechanisms; electromagnetic, electrostatic, and piezoelectric as shown in
Figure 2.1 [14]. A mechanical system is required to couple the environmental vibration
to the transduction mechanism. Relative displacement is used in electromagnetic and
electrostatic transducers while deformation is used in piezoelectric transducer. In the
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next section, the underlying principles that are the basis of vibration energy harvesting
are outlined, and a brief comparison of the three transduction mechanisms, piezoelectric,
electrostatic and electromagnetic is provided.
Figure 2.1: Vibration energy harvesting transduction mechanisms
Piezoelectric Piezoelectric materials are materials that deform when subjected to differ-
ences in electrical potential or alternatively, produce potential difference when subjected to
input mechanical deformation. The piezoelectric effect is used by piezoelectric harvesters
to converts mechanical strain into electric current or voltage. Piezoelectric materials are
found in a variety of forms, such as single crystal, piezoceramics, and thin or thick films
[21]. In piezoelectric energy harvesting from vibration, a mass is suspended by a beam,
with a piezoelectric layer on top of the beam. When the mass is subjected to external
vibrations, the piezoelectric layer is mechanically deformed and a voltage is generated.
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The most common energy harvesting piezoelectric systems are cantilever structures that
are mainly designed to operate at their resonance frequencies [22, 23]. Such structures
(unimorph or bimorph cantilevers) are popular because they enable relatively high stress
levels on the piezoelectric material while minimizing the dimensions of the devices [24]. A
typical setup of the piezoelectric vibration energy harvester is shown in Figure 2.2.
A simplified piezoelectric energy harvester can be modeled by a coupled spring-mass-
Figure 2.2: Piezoelectric Harvester Schematic
damper system depicted in Figure 2.3, where M refers to the seismic mass, C to the
structural damping coefficient, Ke the stiffness of the beam carrying the piezoelectric ma-
terial, α and C0 stand for the force factor and clamped capacitance of the piezoelectric
insert. A piezoelectric vibration energy harvester can be modeled by the following system
Figure 2.3: Simplified Schematic of a Piezoelectric Harvester
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of differential equations:
M u¨+ C u˙+Ke u = F − αV
I = α u˙− C0 V˙
(2.1)
where u, F, V and I respectively represent the displacement, applied force, piezoelectric
output voltage and current flowing out of the piezoelement. The energy analysis of such
a system over a time range [t0; t0 + τ ] is obtained by integrating in the time domain the
product of the equation of motion by the velocity and the product of the electrical equation
by the voltage:
1
2
M [u˙]t0+τt0 + C
∫ t0+τ
t0
u˙2 dt+Ke [(u)
2]t0+τt0 =
∫ t0+τ
t0
F u˙ dt− α
∫ t0+τ
t0
V u˙ dt∫ t0+τ
t0
V I dt+
1
2
C [V 2]t0+τt0 = α
∫ t0+τ
t0
V u˙ dt
(2.2)
From Equation (2.2), it can be shown that the converted energy is represented by the time
integral of the product of the voltage by the speed (with a multiplying coefficient α), which
can be decomposed into the electrostatic energy on the piezoelectric element and energy
transferred to the electrical system [25].
Electrostatic The basis of electrostatic generator is the variable capacitor. Electrostatic
vibration energy harvesters produce electrical energy by employing two conductive plates
moving relative to one another that are electrically isolated by air, vacuum, or dielectric
insulator to form a capacitor. Electrostatic transduction is based on electrostatic conver-
sion and relies on capacitive transducers in which the electrical energy stored in variable
capacitors is increased by changing the capacitance value of such capacitors through vibra-
tion [26]. The work done against the electrostatic force between the charged electrodes of
the capacitor is part of the harvested mechanical energy. Electrostatic generators can be
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classified into three types, i.e. in-plane overlap, Figure 2.4 (a)[11], which varies the overlap
area between electrode fingers, in-plane gap closing, Figure 2.4 (b), which varies the gap
between electrode fingers and out-of-plane gap closing, Figure 2.4 (c), which varies the gap
between two large electrode plates. The electrostatic energy harvester can be modeled by
Figure 2.4: Electrostatic generators: (a) in-plane overlap (b) in-plane gap closing and (c)
out-of-plane gap closing
Figure 2.5: Simplified Schematic of a Piezoelectric Harvester
a coupled mechanical spring-mass-damper system and an electrical oscillator with a vari-
able capacitor as depicted in Figure 2.5, and the electrostatic harvester model equations
are derived using Kirchhoff’s law and Newton’s law of motion. The system’s equations are
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usually defined as [27]:
Vet = VRL + VC
mx¨ = −m y¨ − Fs − Fe − Fd
(2.3)
where VRL, Fs, Fd, and y¨ are the voltage across the load resistor, the spring force, the
damping force, and the input vibration acceleration, respectively. The voltage across the
variable capacitor VC and the electrostatic force Fe are given by [27]:
VC =
q
Cv
Fe = −1
2
d
dx
q2
Cv
(2.4)
where Cv is the variable capacitor capacitance defined as:
Cv =
C0
1− x
g
(2.5)
where C0 is the nominal capacitance and x is the distance separating the capacitor elec-
trodes.
Electromagnetic Electromagnetic transduction mechanism is based on Faraday’s law
of electromagnetic induction which states that: “an electrical current will be induced in
any closed circuit when the magnetic flux through a surface bounded by the conductor
changes”, and explains the conversion from mechanical to electrical energy and vice versa.
According to the law of induction, a voltage is induced across the transducer’s coil, and the
generated electrical energy is supplied to an attached load while some is partly dissipated
as heat in the coil’s resistance. Electromagnetic vibration energy harvesters consist of
permanent magnets that provide a strong magnetic field and a coil used as a conductor.
Either the permanent magnet or the coil is fixed to the frame while the other is attached
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to the inertial mass as shown in Figure 2.6. The relative displacement caused by the
external vibration makes the transduction mechanism work and induces an electromotive
force (emf) across the coil terminals. According to the Faraday’s Law, the induced voltage,
or emf , across the coil terminals is proportional to the time rate of change of the magnetic
flux within the coil [15];
V =
dφ
dt
(2.6)
where φ is the linkage magnetic field given by;
φ = B A (2.7)
where A is the area vector and B is the magnetic flux density vector. For a coil that
consists of N loops, the total induced voltage would be N times as large, and Equation
(2.6) becomes;
V = N
d
dt
(BA cos θ) (2.8)
Differentiating Equation (2.8) with respect to time we obtain:
V = N
(
dB
dt
A cos θ +B
dA
dt
cos(θ) +BA sin(θ)
dθ
dt
)
(2.9)
From Equation (2.9), the harvested energy depends on the magnetic field density B pro-
vided by the permanent magnets, the cross-section area A of the coil, and the angle θ
between the magnetic field B and the normal to the coil’s cross section area A. It is
desired to maximize the output voltage by operating with an angle θ = 0 in order to maxi-
mize the constant field density B. In this case, the first and third terms of Equation (2.9),
where cos(θ) appears, will be suppressed and the equation reduces to:
V = N B
dA
dt
(2.10)
The coil’s shape is rectangular with length l and width x, during operation the length l
remains constant and the width x, where the magnetic flux is active, varies with respect
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Figure 2.6: Electromagnetic Vibration Energy Harvester
to the moving mass. This reduces Equation (2.10) further to the following:
V = N B l
dx
dt
(2.11)
From Equation (2.11), the voltage V induced across the coil terminals depends on the
strength of the magnetic field density B, the coil length l, and the relative velocity between
the magnetic field and the coil.
2.1.2 Transduction Mechanisms Comparison
The use of the three transduction mechanisms in vibration energy harvesting depends on
the type of application where they are to be used. It has been argued in review articles that
piezoelectric energy harvesting is the most widely researched harvesting method due to its
ease of use, high voltage output, high power density, as well as relatively mature thin-film
and think-film manufacturing methods. However, electromagnetic and electrostatic energy
harvesters have specific advantages [13]. A summary of the advantages and disadvantages
of the three main transduction mechanisms are provided in Table 2.2.
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Induction Advantages Disadvantages
Electromagnetic
Self contained (requires no external supporting accrue-
ments)
Can have reduced mechanical damping over piezoelec-
tric converters, depending on configuration (i.e. if not
cantilever-based)
High ouput current
Voltage output levels can be rather low (hundreds of mV
to ≈ 2V)
Can require complex fabrication and assembly of multiple
small components
Performance is reduced significantly in micro scale
Not easily compatible with microelectronics and MEMS
Electrostatic
Can be fabricated with existing silicon-based IC processes,
and easy to integrate with microelectronics
Can be miniaturised easily, including to MEMS-scale
May require relatively complex circuitry, in order to oper-
ate switches that are synchronized to the vibration
Low output current
External voltage source or pre-charged electrets is also
necessary
High output impedance
Piezoelectric
Self contained
High output voltage
Compatible with MEMS
High input impedence
Low current Susceptible to fatigue over time and possible
cracking due to the britle nature of piezoelectric materials
Table 2.2: A comparison of the advantages and disadvantages of the three main vibration
conversion methods
2.1.3 Vibration Energy Harvesting Applications
A wide range of applications are targeted for vibration energy harvesters, including wireless
sensor networks for structural health monitoring, embedded and implanted biomedical
devices for medical applications, recharging the batteries of electronic systems, monitoring
tire pressure in automobiles, powering unmanned vehicles, and running security systems
in household conditions [28]. In the next subsections we will examine some applications
where vibration energy harvesters have been used, along with some existing commercial
harvesters.
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Battery-less TV Remote Control: Many electronic devices such as TVs, DVDs, com-
puter games, and other utilities, use battery powered remote controls. In every household
one can find at least two or three remote controls, if not more. If all the remote controls
were to be powered using vibration energy harvesting techniques, a great deal of batteries
would not be needed, which would save the environment having to deal with a huge amount
of hazardous waste. Arveni is a company that, designs, produces, and sells piezoelectric
micro-power generators. In 2011, the company [29] developed a battery-less TV remote
control, Figure 2.7, that uses kinetic energy from a push of a button on the remote control
to generate enough electrical energy to change a TV channel, turn up the volume, or switch
on/off the TV. In many hotels across North America the battery-less TV remote control
is already in use.
Figure 2.7: Batteryless TV Remote Control
Induction Flashlight: The inductive flashlight, also known as Faraday or shake flash-
light, is another application of mechanically powered devices. This design contains a linear
electrical generator which charges a battery-like super-capacitor when the flashlight is
shaken lengthwise. The linear generator consists of a sliding magnet which moves back
and forth through the center of a coil of copper wire, when it is shaken. A current is
induced in the loops of wire by Faraday’s law of induction each time the magnet slides
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through, which charges a super-capacitor which is used instead of a rechargeable battery.
Figure 2.8: Induction flashlight
Self-Sustaining Power Faucet: Self-sustaining faucets, Figure 2.9, are designed to
require no electricity or routine disposable battery replacement. A number of companies,
such as ChicagoFaucets [30] and Toto EcoPower, have started implementing the idea of
self-sustaining faucets in their products. Toto EcoPower products such as sensor faucets
and flush valves are examples of such designs. These self-sustaining power systems use the
flow of water to power the sensor that operate these electronic faucets. The water flow
that spins the high-efficiency turbine converts the flow into electrical energy and produces
enough power to operate the electronic faucet.
Figure 2.9: Self sustaining power faucet
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Rechargeable Micro-Energy Cells: Another area where vibration energy harvesting is
used is to recharge micro-energy cells to provide continuous supply to low-power electronic
devices. Infinite Power Solutions, for instance, produces solid-state, rechargeable, thin-film
micro-energy storage devices for embedded applications. Their products Micro-Energy
Cells (MECs) come in four different sizes, the smallest is 12.7mm × 12.7mm × 0.17mm,
and are able to generate up 4.1V and a current of 15mA. The MECs, see Figure 2.10 [31],
can be recharged by different energy harvesting methods including, solar, RF, kinetic, and
thermoelectric.
Figure 2.10: Thin-film Micro-Energy Cell
2.1.4 Commercial Vibration Energy Harvesters
A number of start up companies, specializing in the development and manufacturing of
vibration energy harvesters, have established themselves as providers of perpetual source
of energy harvested from ambient vibrations. Companies such as Perpetuum, EnOcean,
MicroStrain, and Kinetron are just some examples.
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Energy Harvester Powered Wireless Sensors: Wireless sensor networks (WSNs),
due to their low power consumption, are one of the most attractive applications for vi-
bration energy harvesting. Many companies are now producing WSNs powered by vi-
bration energy harvesters. For instance, EnOcean GmbH [32], manufactures wireless
sensors powered by energy harvesters. The ECO 200 for example, Figure 2.11, is a
29.3mm × 19.5mm × 7.0mm vibration energy harvester that is able to generate about
2 V and an energy of up to 210µJ and is designed for use with radio modules produced
by EnOcean. The ECO 200 is based on a linear resonator and is designed to operate at a
high frequency f = 868 MHz. EnOcean energy harvesting solutions are also used to power
Figure 2.11: EnOcean Vibration Energy Harvester
devices such as wireless switches, wireless controllers, and wireless transceivers.
Perpetuum Vibration Energy Harvesters: Perpetuum [33], specializes in engineer-
ing, producing and commercialization of electromagnetic vibration energy harvesting micro-
power-generators to power autonomous wireless sensor and transmit data from remotely
monitored sites. Perpetuum electromagnetic-energy harvesters convert unused mechanical
energy from a plant where they are deployed to electrical energy via an oscillating magnetic
mass which traverses across a fixed coil creating a varying amount of magnetic flux, in-
ducing a voltage across the coil. To maximize power output, the harvester is mechanically
tuned to an optimized resonant frequency present within the application environment.
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Perpetuum Vibration Energy Harvester (VEH), shown in Figure 2.12, can generate a
maximum power of 27 mW and output power of 5 V, or 24 mW and an output voltage of
8 V. The harvester comes in six off-the-shelf predefined frequency models: 25 Hz, 30 Hz,
50 Hz, 60 Hz, 100 Hz, and 120 Hz. Perpetuum harvesters are used as a power source
for Wireless Sensor Nodes (WSNs) used for process monitoring and equipment condition-
based monitoring in industrial environments. One certain application is to predict failure
of rotating components on trains such as wheel bearings, gearboxes, etc. We note that as
in the case of the EnOcean products, all the harvesters provided by Perpetuum operate at
a predefined frequency.
Figure 2.12: Perpetuum vibration energy harvester
MicroStrain Energy Harvester: MicroStrain [34] designs and manufactures adaptive
energy harvesting electronics for wireless sensor networks. The MagnetoInductive Vibra-
tion energy harvester (MVEH), Figure 2.13, designed to harvest low frequency vibrational
energy inherent in machines and structures. The MVEH provides a regulated 3.2 VDC
output at ≈ 4 mW from input vibrations of 200 mg amplitude when tuned from 15–60 Hz.
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The frequency tuning of the harvester is accomplished by adjusting precision flexure ele-
ments, which resonate small coils around rare-earth magnets to create energy. The PVEH
is a piezoelectric vibration energy harvester and provides a regulated 3.2 VDC output at
≈ 30 mW from input vibrations of 1.5 g amplitude when tuned to 1000 Hz.
Figure 2.13: Microtrain electromagnetic vibration energy harvester
Micro Generator with Ferrite Magnet: Kinetron [35] on the other hand specializes
in rotary micro-power-generators. The micro generator shown in Figure 2.14 consists of
a 14-pole resin bonded Sm2Co17 magnet and a claw pole stator that encloses a coil with
1140 windings at a resistance of 320 Ω. At a rotational speed of 15000 rpm an AC voltage
with an amplitude of 7.8 V and a frequency of 1750 Hz is generated. At this speed the
typical output power is 10 mW.
Figure 2.14: Kinetron electromagnetic micro-power generator
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All of the examples mentioned in this section were realized using a linear, or resonance-
based, vibration energy harvester. In this type of applications, when the resonant frequency
of the energy harvester does not match the ambient frequency, the output power is reduced
significantly. This limitation severely restricts the use of linear energy harvesters. To
overcome this drawback, there has been in recent years an interest in designing harvesters
that are self-tuning or possess a broadband. In the next section, we will examine strategies
and techniques used to produce broadband vibration energy harvesters.
2.2 Electromagnetic Energy Harvesting
Electromagnetic vibration energy harvesters consist of mechanical oscillators and electro-
magnetic transducers. Typically, the mechanical oscillator is designed to have a magnet-coil
arrangement, which move relative to each other in response to environmental excitations.
In this arrangement, the variation in the magnetic flux, φ, through an electrical circuit
causes an electric field. The flux variation can be realized with a moving magnet whose
flux is linked with a fixed coil or with a fixed magnet whose flux is linked with a moving
coil. The first configuration is preferred to the second one for two main reasons; fixed
electrical wires are preferable to avoid damaging the usually fragile coil, and magnets are
heavier than the coil which means more generated power. A simplified schematic of the
electromagnetic energy harvester is shown in Figure 2.15.
Next we explore the modeling of electromagnetic vibration energy harvesters.
Damping in vibration energy harvesters comes from two main sources, mechanical and
electrical energy losses. In the case of a linear electromagnetic vibration energy harvester,
mechanical damping is usually approximated as viscous damping, and electrical damping
is due to mechanical energy converted into electrical energy.
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Figure 2.15: Schematic of an electromagnetic vibration energy harvester
Electrical Damping: When the mass moves inside the magnetic field, the current in-
duced across the coil terminals creates a magnetic field that opposes the magnetic field of
the magnets. The interaction between the two fields results in the electrical damping, or
emf force, that opposes the motion of the seismic mass and is given by:
Fem = be x˙, (2.12)
where be is the electromagnetic damping. The emf results in the electrical power that is
extracted from the mechanical oscillator
Pem = Fem x˙ = be x˙
2. (2.13)
This generated power is dissipated in a parasitic coil resistance Rp and consumed by the
load resistance RL, and is equal to;
Pdiss =
V 2
RL +Rp + jωL
(2.14)
where L is the coil inductance. Equating the electrical power dissipated to that extracted
from the oscillator gives
be x˙
2 =
V 2
RL +Rp + jωL
(2.15)
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Substituting Equation (2.6) in Equation (2.15) we obtain
be =
1
RL +Rp + jωL
(dφ
dx
)2
(2.16)
Following the assumption that the coil inductance is negligible [36, 37] and assuming that
the coil moves in a region of constant magnetic field densityB, the electromagnetic damping
coefficient can be expressed as;
be =
(B l)2
RL +Rp
(2.17)
Mechanical Damping: Mechanical damping can be found from the open-circuit frequency-
response curve of the harvester. The mechanical quality factor Qm of a linear VEH is found
from the two half-power cut-off frequencies,f1 and f2, and the center frequency f◦ of the
its mechanical oscillator, and is given by:
Qm =
f◦
∆f
=
√
mk
bm
(2.18)
where ∆f = f2 − f1. The mechanical damping coefficient is related to the quality factor
by the given expression:
bm =
2 pi f0m
Qm
(2.19)
The VEH shown in Figure 2.15 can be described by a simple model that describes the
dynamic interaction of the two relevant quantities: the seismic mass relative displacement
with respect to the base x(t) and the voltage V across its coil. The dynamics of the
seismic mass is modeled by Newton’s second law of motion as the second order differential
equation::
mx¨(t) = − bm x˙(t)− F (x)− Fem −m y¨(t) (2.20)
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where y(t) is the frame absolute displacement, F (x) the spring’s restoring force, Fem is
the electromagnetic force due to the transduction mechanism, and bm is the mechanical
damping coefficient.
Substituting for Fem with Equation (2.12) in Equation (2.20), we obtain the equation
of motion of the electromagnetic energy harvester,
mx¨+ (be + bm) x˙+ F = −m y¨ (2.21)
Setting the total damping to bt = be + bm, the total electromechanical damping ratio can
be written as
ζt =
bt
2mωn
(2.22)
The total damping can also be expressed in terms of the quality factor
ζt =
1
2Q
(2.23)
2.2.1 Power Flow in Linear VEHs
The instantaneous dissipated power in the harvester is
Pin = bt x˙
2 (2.24)
and the average input power into the harvester over one excitation period T is
(Pin)Ave =
1
T
∫ T
0
btx˙
2dt =
1
T
ωn
Q
m
∫ T
0
x˙2dt (2.25)
For a sinusoidal base excitation y(t) = Y◦ cos(ω t), the seismic mass displacement at reso-
nance, ω = ωn, is x(t) = Y◦Q cos(ωn t − φ). Without a loss of generality, we can set the
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phase angle to zero φ = 0 and write
(Pin)Ave =
1
Tn
Y 2◦ ω
3
nQm
∫ Tn
0
sin2(ωn t)dt
=
1
Tn
Y 2◦ ω
3
nQm
[1
2
t+
1
2ωn
sin 2(ωn t)
]Tn
0
= 1
2
Y 2◦ ω
3
nQm (2.26)
Performance of energy harvester is typically evaluated in terms of base acceleration. Rewrit-
ing the input power in terms of the acceleration amplitude A◦, we obtain
(Pin)Ave =
1
2
QA2◦ωnm (2.27)
Similarly, the average power harvested over one at resonant excitation period Tn is
(Pel)Ave =
1
Tn
∫ Tn
0
bex˙
2dt =
2
Tn
ζeωnm
∫ T
0
x˙2dt
=
1
2Tn
Y 2◦
ζ2t
ζeω
3
nm
∫ Tn
0
sin2(ωn t)dt
=
1
2Tn
ζe
ζ2t
Y 2◦ ω
3
nm
[1
2
t+
1
2ωn
sin 2(ωn t)
]Tn
0
=
ζe
4ζ2t
Y 2◦ ω
3
nm (2.28)
or in terms of the acceleration amplitude A◦
(Pel)Ave =
ζe
4(ζe + ζm)2
A2◦ωnm (2.29)
To determine the electric load ζe leading to maximum harvested power, we differentiate
the electrical power (Pel)Ave with respect to ζe and set the derivative equal to zero
dPel
dζe
= −mA◦
2ωn(ζe − ζm)
4(ζe + ζm)3
= 0 (2.30)
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which results in the so-called ‘impedance matching’ condition ζe = ζm for maximum har-
vested power. The impedance-matching condition corresponds to an input power at reso-
nance of
(Pel)max =
A2◦ωnm
16 ζe
(2.31)
which means that input power is split evenly between mechanical and electrical dissipation
processes (damping). Using the voltage divider rule, the power delivered to the load can
be written as
PLoad =
A2◦ωnm
16 ζe
RL
RL +Rp
(2.32)
We deduce that the maximum electrical power generated by the harvester depends on the
seismic mass m, the magnitude A◦ of the input base excitation, the natural frequency ωn of
the oscillator, and the electrical damping ζe. Therefore, when designing a VEH one has to
take into account all of these parameters and the constraints, such as the size and weight
of the VEH, and the frequency of ambient vibration to be harvested.
Equation (2.32), shows that not all power generated by the VEH can be delivered into
the load, some power is lost within the coil.
We define the power harvesting FoM as the ratio of the electrical power harvested to
the mechanical power supplied, so that
FoM =
(Pel)Ave
(Pin)Ave
(2.33)
substituting for (Pel)Ave and (Pin)Ave using Equations (2.29) and (2.27), we obtain
FoM =
(B l)2
(B l)2 + bm (RL +Rp)
(2.34)
In the next section we examine applications where vibration energy harvesting technol-
ogy has been implemented.
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2.3 Broadband Vibration Energy Harvesting
Over the past few years vibration energy harvesting has attracted the attention of the
research community as a potential source of power for low-power electronic devices. In
the research literature, the first description of an inertial micro-power-generator was an
electromagnetic vibration energy harvester presented by Williams and Yates in 1996 [38].
Since then, a great deal of research has been conducted in the area of vibration energy
harvesting. Earlier works by Beeby, Glynne-Jones, Roundy [39, 40] and others focused on
the implementation of linear oscillators that can harvest maximum energy at resonance.
In this type of harvesters, the seismic mass of the VEH moves under the influence of
base excitation supported by a spring. The oscillator attains maximum velocity, and thus
input kinetic energy, when the harvester’s natural frequency matches the frequency of
environmental vibration. If the excitation frequency deviates from the harvester’s natural
frequency very little power is harvested.
Generator ω (Hz) Accel (ms−2) m (g) Power (µW)
Beeby [15] 52 0.589 0.66 45
Glynne-Jones [39] 99 6.85 2.96 4990
Ching [41] 110 95.5 - 830
Table 2.3: Electromagnetic micro-power generators
Harvesters in this arrangement are designed to harvest environmental vibrations at
a single frequency. While they are capable of generating electrical energy with output
power on the order of few milli-Watts [15], their natural frequency must be tuned to match
the frequency of ambient vibrations. However, in environments where ambient vibrations
are distributed over a wide spectrum of frequencies, with significant predominance of low
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frequency components, these harvesters prove to be ineffective because of their high center
frequencies and narrow bandwidth [42, 43, 12]. It is therefore impractical to use linear
VEHs that have relatively high center frequency (≥ 20Hz) to harvest low frequency (<
20Hz) vibrations. Some of the harvesters that have been proposed over the years are
listed in Table (2.3), a more comprehensive lists of electromagnetic energy harvesters can
be found in [6]. We remark that the proposed harvesters have high frequencies and low
power densities. For example, the VIBES harvester (first harvester in Table 2.3), which is
an electromagnetic type harvester, has a center frequency of 52Hz and a maximum power
of 45µW . To address the issues associated with these type of harvesters, in recent years
the attention has focused on the implementation of self-tuning and nonlinear methods to
develop wideband vibration energy harvesters.
Nonlinear vibration energy harvesters use mechanisms to adjust or tune the resonant
frequency of the harvester so that it matches the frequency of the ambient vibration and/or
widen its bandwidth [44, 45, 46]. A number of approaches have been used for this purpose
including nonlinear stiffness, resonant frequency tuning, mechanical stoppers and exploita-
tion of nonlinear phenomena to widen the frequency bandwidth of the energy harvester.
These approaches lead to three main types of nonlinear vibration energy harvesters, the
Duffing, the array and the impact harvester. The Duffing type gets its name from the
Duffing oscillator because its governing equation reduces to a Duffing equation. In this
type of harvesters, the nonlinearity is added to the harvester either by using nonlinear
springs or by introducing magnetic forces to alter the overall stiffness of the harvesting
device. On the other hand, the impact harvester is realized using impact oscillators or me-
chanical stoppers to limit the seismic mass displacement. In impact harvesters, the overall
stiffness of the system is a piecewise function, that results in a non-smooth system, due to
the change in stiffness when impact occurs [47]. The third approach is the array harvester,
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which is resonant frequency tuning approach that attempts to achieved widband energy
harvesting by employing an array of structures with different resonant frequencies [6]. In
the next subsections we will present examples of vibration energy harvesters where some
of the techniques were used to improve the frequency bandwidth of the harvester.
2.3.1 Duffing Oscillator
Duffing harvesters use mechanical oscillators with cubic and/or quadratic nonlinearities
as the vibration energy harvesting element. In this type of harvesters, the nonlinearity is
introduced in the harvester either by using nonlinear springs or by introducing magnetic
forces to alter the overall system stiffness and make it appear as a nonlinear quantity in
the system’s model. The Duffing harvester can be classified in three categories: Hardening,
bistable, and softening [48, 49, 50].
Figure 2.16: Frequency-response curve for a hardening system
Duffing harvesters with magnetic nonlinear stiffness are achieved by applying magnetic
forces to alter the effective stiffness of the harvester. Barrow et al [51], proposed a har-
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vester with nonlinearities added in the form of magnetic reluctance forces to the linear
spring compliance. The frequency response curve of the harvester measured at frequencies
between 20 and 60 Hz exhibits nonlinear characteristics usually seen in the response of
nonlinear dynamical systems. We note the hysteresis band between the frequency up and
down sweeps, the sudden jumps in the frequency response curve, and the emf reaching a
peak value at the high end of the frequency spectrum before taking a significant fall, see
Figure 2.17. Figure 2.18 shows the The harvester’s waveform for an input excitation with
Figure 2.17: Frequency-response curve of harvester with nonlinear magnetic stiffness
frequency 32 Hz. We see from the figure the presence of two peaks that are attributed to
the nonlinear compliance characteristics of the harvester. At this frequency the harvester
achieved a maximum AC power of 100 mW. In chapter 4, see subsection 4.5.1, experimental
and numerical waveforms of the proposed harvester exhibit similar characteristics.
In 2009, Mann et al [3], described the design and analysis of a novel energy harvesting
device, Figure 2.19, that uses nonlinear magnetic forces to levitate an oscillating center
magnet. They showed that intentionally introduced nonlinearity allows the linear resonance
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Figure 2.18: Waveform of harvester with nonlinear magnetic stiffness
to be tuned by simply changing the spacing between the upper and lower magnets. The
added nonlinearity resulted in the governing equation for relative displacement of the
magnetic mass reducing to the form of Duffing’s equation. In particular, the authors showed
that the introduction of nonlinear restoring magnetic levitation resulted in relatively large
excitations over a wide range of frequencies.
Using a similar approach, Owens et al [52] presented a nonlinear vibration energy
harvester that exploits the interaction between a moving magnet and a fix magnet to tailor
the harvester’s bistable potential well. Theoretical and experimental results reveal that the
nonlinear generator with a bistable potential well can be used to broaden the frequency
response of the harvester. The output power of the proposed harvester varied from 5mWatt
to 200 mWatt for input accelerations ranging from 5 to 10 m/s2. The proposed harvester
design resulted in the following frequency bandwidths; 1, 2, and 3 Hz for input accelerations
between 5 and 6.5 m/s2, and 2 Hz for 10 m/s2 respectively. Analysis of the results, Figure
2.20, shows that engaging nonlinearity in the system results in relatively large oscillations
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Figure 2.19: Schematic diagram of the magnetic levitation system
over a wider range of frequencies, thus potentially improving the ability to harvest energy
under certain circumstances.
Duffing harvesters with nonlinear springs on the other hand, where the nonlinearity is
usually defined as a cubic function of the displacement x(t) given by Equation (2.35)
f(x) = k x(t) + α x(t)3 (2.35)
where k is the spring’s linear stiffness and α is the nonlinearity parameter, are modeled as
a Duffing Equation given by;
mx¨+ b x˙+ k x+ αx3 = Ao sin(Ω t) (2.36)
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Figure 2.20: Frequency response curves of the magnetic levitation system for different base
excitation amplitudes
The parameter α can be used to introduce hardening or softening type nonlinearities de-
pending on whether the targeted vibrations frequencies are high or low. If the parameter
α > 0 there is hardening nonlinearity (hard spring) and when α < 0 there is softening
nonlinearity (soft spring).
Ramlan et al [53] investigated the hardening type nonlinearity that has the effect of
shifting the resonance frequency of the harvester. This results in widening the frequency
bandwidth over which power can be harvested. Using harmonic balance method and the
backbone curve, it was shown that the harvester’s bandwidth increases with the hardening
nonlinearity parameter α, see Figure 2.21.
Nguyen et al, [48], also showed the potential benefits of nonlinear stiffness utilizing
soft and hard springs in vibration energy harvesters. Their results, shown in Figures 2.22,
showed that energy harvesters using nonlinear springs have wider bandwidth compared to
energy harvesters with linear springs.
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a:
b:
Figure 2.21: Frequency-response curves for a: α = 0.001 and b: α = 0.01
Further examples of Duffing type harvesters and nonlinear vibration energy harvesters
can be found in reviews of recently published work [50, 54].
2.3.2 Impact Oscillator
It has been shown that impact harvesters increase the frequency bandwidth and output
power of vibration energy harvesters [55, 56]. Impact harvesters use mechanical stoppers
to restrict the seismic mass displacement and modify the overall harvester’s stiffness from
linear to a piecewise linear function. A typical setup of a vibration energy harvester with
a mechanical stopper and its nonlinear stiffness are illustrated Figure 2.23.
Soliman et al [21] designed an electromagnetic energy harvester using a mechanical
stopper as shown in Figure 2.23. The piecewise linear stiffness of the energy harvester is
dominated by the changes of the spring stiffness during impact between the harvester and
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Figure 2.22: The frequency response curves for base acceleration amplitudes of 0.05 g, 0.10
g, 0.15 g, 0.20 g, 0.25 g, 0.30 g, 0.35 g and 0.40 g. a) linear springs b) hardening springs
c) softening spring 2 d) softening springs 1
Figure 2.23: Schematic of a one stopper vibration energy harvester
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the stopper. The one stopper vibration energy harvester improved the frequency bandwidth
significantly compared to the linear type harvester as shown in Figure 2.24. Jacquelin et al
Figure 2.24: Frequency response curve of a one stopper vibration energy harvester
[55] on the other hand presented an impact harvester that consisted of a box that enclosed
two identical piezoelectric cantilever beams separated by a distance d from each other. A
sliding mass impacts the tip of each beam causing the beams to deform. Each beam has
its tip displacement limited by a stop between the beam and the box internal wall. The
results shown in this study indicate that this type of harvester can widen the frequency
bandwidth, however, the harvested power is in the µW range which is way too low.
2.3.3 Array Harvester
Figure 2.25 shows a typical setup of an array harvester. These type of harvesters employ
a series of mechanical oscillators with different center frequencies integrated in one energy
harvesting device. Usually in this type of setup, a series of cantilever beams with varying
length and center frequencies are employed [57]. The cantilevers are chosen in a way that
all resonance frequencies are close to each other. The resonance frequencies are adjusted
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by tuning the geometry of each energy scavenger or by applying a proof mass. As long
as the source vibration has dominant frequency within the band of the array, at least one
of the beams will operate at its resonance frequency which results in maximum energy
harvesting. Hence, the more beams are added to the array, the much bigger is the possible
bandwidth [58]. In 2008, Sari et al [59] proposed a wideband vibration energy harvester
Figure 2.25: Frequency response curve of a one stopper vibration energy harvester
comprised of an array of oscillators made of cantilever beams. The cantilever beams were
fabricated from three layers of parylene where coil turns are sandwiched in between and
connected in series. The cantilevers and the coils move as a single body and oscillate
with respect to a stationary magnet to generate power from environmental vibrations.
The reported generator covers a wide band of external vibration frequencies as a result
of implementing an array of oscillators with varying natural frequencies. The proposed
harvester generated a reported power of 0.4 µW in a frequency band of 800 Hz. Even
though the proposed harvester possess a wide band, its output power is significantly low
and can only harvest power at very high frequencies between 4.5 and 5 kHz, which makes
the harvester unsuitable for environmental vibrations that are mainly low frequencies.
To address the high frequency band issue encountered in the design of Sari, Challa et
al proposed [5] a vibration energy harvester, Figure 2.27, with “autonomous” resonance
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Figure 2.26: Frequency response curve of wideband vibration energy harvester with an
array of cantilever beams
frequency tuning capability. In this design, a magnetic force is used to alter the overall
stiffness of the energy harvesting device enabling the increase or decrease of the overall
stiffness of the device which results in a change in harvester’s the natural frequency. Using
this techniques, the authors reported an output power in the range 240–280 µW in the low
frequency range 22–32 Hz. The suggested technique addressed the high frequency issue
with an improved output power, but the power remains low.
Yang et al [60] on the other hand, proposed a multi-frequency energy harvester con-
sisting of three permanent magnets and three sets of two-layer coils supported by a beam.
The idea here is that energy is harvested under the first, second, and third resonant modes
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Figure 2.27: Schematic of the variable magnetic stiffness resonant frequency tuning tech-
nique
corresponding to the beams resonance frequencies of 369, 938 and 1184 Hz. Even though
the harvester does harvest at three different frequencies, it is yet again another example of
resonance-based vibration energy harvesting which has the same limitations when it comes
to harvesting vibration energy from a widband of frequencies.
2.4 Summary
In this chapter we reviewed different forms of energy harvesting and vibration energy
harvesting in particular. We discussed the differences between the three main transduction
mechanisms used in vibration energy harvesting and highlighted their advantages and
disadvantages. A detailed analysis of linear electromagnetic energy harvesting and its
fundamental principles were presented. We also reviewed different applications such as
household items such as TV remote controls, flashlights and power faucets and wireless
sensors networks for failure detection in rails and structures. We identified and discussed
the limitations of linear vibration energy harvesters and why they are not suitable for
harvesting energy from environmental vibrations. At the end of the chapter we surveyed
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different frequency widening techniques that have been proposed over the last few years as
vibration energy harvesting technology tries to address some of the limitations still facing
vibration energy harvesting.
In the next chapter we present a new architecture of electromagnetic vibration energy
harvesting, namely the Springless vibration energy harvester. The harvester’s physical
model as well as its experimental and numerical results will be presented and discussed.
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Chapter 3
The Springless Electromagnetic
Vibration Energy Harvester
This chapter describes and analyzes the prototype of the Springless vibration energy har-
vester. A generalized mathematical model of the SVEH is then developed. The model will
be adapted for different configurations of the harvester in subsequent chapters.
Figure 3.1: Top view and bottom view of SVEH steel cage
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3.1 Prototype
The Springless vibration energy harvester (SVEH) is based on earlier work [27] on electro-
static VEH. The SVEH prototype consists of an electromagnetic transducer and a mechan-
ical oscillator. The oscillator is made of a seismic mass made of four rare earth magnets,
Sintered Neodymium (NdFeB), two mounted on the upper plate and two on the bottom
steel plate held together by two brass walls to form a steel cage as shown in Figures 3.2
and 3.1. The seismic mass comprised of magnets, steel plates, and the brass walls, has
a mass m = 120 g. The mass is constrained to move between end-stoppers at either end
of the track, each stopper is made of two identical springs embedded in a Lexan wall and
fastened to the edge of an aluminum base shown in Figure 3.3.
Figure 3.2: Schematic of the SVEH steel cage and side wall
A linear guide is also fastened to the base extends between the two end stoppers. The
carriage carrying the seismic mass moves freely along the linear guide with respect to a
stationary concentric coil in response to base excitations. The dimensions of the steel cage
and aluminum base of the SVEH prototype, shown in Figure 3.4, are listed in Table 3.1.
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Figure 3.3: SVEH base with one wall attached
Figure 3.4: Prototype of the SVEH
The magnetic circuit of the harvester determines the strength of the electromechani-
cal coupling between the electromagnetic transducer and the mechanical oscillator. It is
therefore of great importance to accurately design the magnetic circuit with the objective
to maximize the flux density around the coil during operation of the harvester. A finite
element (FE) model of the magnetic circuit is developed and simulated using ANSYS
software. In the next section the electromagnetic transducer is analyzed.
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Table 3.1: Harvester Dimensions
Parameter Value (mm)
Base Length 55
Base Width 30
Cage Length 25.41
Cage Width 25.39
Wall Length 30
Wall Thickness 7.6
3.2 Electromagnetic Transducer
The SVEH electromagnetic transducer consists of a magnetic circuit comprising four mag-
nets, steel cage, and concentric coil. The ferromagnetic steel cage provides a return path
for the magnetic field to maximize flux density inside the cage.
Table 3.2: Properties of the 25, 40 and 60 turns coils
Number of turns Parasitic Resistance (Ω) Inductance (µ H) Length (m)
25 2.4 21 1.75
40 3.6 45 2.8
60 4.4 83 4.2
The coil, Figure 3.5, is hand wound out of 34 American Wire Gauge (AWG) magnetic
wire. Only those stretches lying in the plane of the of the coil carrier, Figure 3.5, cut
the magnetic field and produce an electromotive force (emf). The sum of those stretches
is dubbed the effective coil length (l). Three coils withe different number of turns were
used in this study, their effective length were calculated and listed in Table 3.2. The coil
49
parasitic resistance and inductance were measured and are also listed in Table 3.2
Figure 3.5: Picture of the concentric coil
Magnetic Circuit The finite element modeling software ANSYS is used to investigate
the magnetic flux density in the air gap of the SVEH and its vicinity. The FE model
describes the geometry, material properties, boundary conditions, and the field system
equations of the magnetic circuit. The FE model is comprised of permanent magnets
arranged with alternating polarities between N and S, the steel cage, the air gap separat-
ing the magnets, and the air region surrounding the SVEH. Two dimensional elements,
Figure 3.6: Top side view of the magnets, as well as view of the cage brass wall
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PLANE53, were deployed to model the magnetic field with an average edge size of 0.5 mm.
The magnet dimensions are listed in Table 3.3. The boundaries of the meshed area were set
at four times the permanent magnet width to account for stray magnetic field lines. The
relative permeabilities of air, steel, and permanent magnets were set to µa = 1, µs = 100,
and µm = 1.05, respectively.
A schematic of the SVEH magnetic circuit is shown in Figure 3.7.
Table 3.3: Magnet specifications
Dimensions (mm) 25.4 x 12.7 x 1.588
Material Sintered Neodymium
Mass 4 gr
Surface Field (B) 12600 Gauss
Figure 3.7: SVEH magnetic circuit
A top view of the simulated magnetic flux density within the cage is shown in Figure 3.8.
The figure shows the variation of the magnetic flux density where field lines pointing into
the page are represented in red hue and field lines pointing out of the page are represented
in blue hue. The magnetic flux density along the centerline of the cage, where the coil is
located, is almost constant at B = 0.749 T in the left and right halves of the cage. The
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flux density switches polarity at the center of the cage, Figure 3.8, due to the opposite
(S-N and N-S) polarities of the two sets of magnets.
Figure 3.8: Magnetic flux density
This setup allows the induced voltage across the two sides of the coil to interact con-
structively and, hence, maximize harvested power. For validation purposes, we measured
the magnetic flux density in the cage by placing the probe of a Gaussmeter at 13 different
points along its centerline. The measured and simulated flux density, Figure 3.9, reach
maximum of B = 0.75 T. Comparing measured and simulated magnetic flux density re-
sults shows close qualitative and quantitative agreement. The flux density is reaches a
maximum over 6–7 mm range, where the coil is located, while the magnets oscillate with
respect to it, thereby maximizing harvested power.
To study the dynamics of the harvester, a mathematical model of the system is devel-
oped and simulated. All mathematical simulations presented in this work were carried out
using Mathematica software. In the next section, a generalized model of the harvester is
presented.
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Figure 3.9: Measured and simulated magnetic flux density
3.3 SVEH Model
The schematic of the SVEH in Figure 3.10 depicts a simplified model of the harvester. The
harvester can be modeled as a single degree of freedom (SDOF) oscillator, with the mechan-
ical and electrical damping opposing the motion of the seismic mass m. The mechanical
damping representing mechanical energy losses along the linear guide, and nonlinear damp-
ing representing energy losses during impact with end walls. The electrical damping is due
to interaction between electrical and magnetic fields and energy losses in the coil resistance
and load resistance. During motion, the seismic mass makes intermittent contacts with
the motion-limiting end-stoppers. The sequence of collisions with the end-stoppers intro-
duce nonlinearities in the harvester, which give rise to a non-smooth differential equation
containing piecewise linear terms representing change in the spring stiffness.
The mass moves freely along the linear guide in the free distance (actual rail length -
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cage length) between the uncompressed end springs denoted xt. The uncompressed length
of the end springs is denoted xs and their fully compressed length is denoted xc. These
prototype dimensions are listed in Table 3.4. When the mass m engages the springs,
they react with linear stiffness k1. When the springs are fully compressed, the harvester
essentially encounters a hard stop represented by a linear spring with a much higher stiffness
k2 >> k1 [61].
Figure 3.10: Force-displacement relationship
Table 3.4: Harvester dimensions
Parameter Value (mm)
xc 2
xs 6
xt 7.8
A general model for the harvester motion can be written as:
mx¨+ bm x˙+ fn(x, x˙) + Fe + Fst(x) +mg sin θ = −m y¨ (3.1)
where y is the displacement of the housing unit and x is the relative displacement of m
with respect to the housing, bm is the linear damping coefficient, Fst(x) is a piecewise-linear
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function describing the harvester stiffness, fn(x, x˙) is the nonlinear damping due to impact
energy losses, Fe = bm x˙ is the electrical damping force due to induced emf . The angle
θ is describes the inclination of the harvester with respect to the surface. Therefore, the
equation of motion can be written as:
mx¨+ (bm + be) x˙+ fn(x, x˙) + Fst(x) +mg sin θ = −m y¨ (3.2)
3.4 Summary
In this chapter, a description of the proposed harvester was provided and its components
were analyzed. The magnetic circuit was simulated using the FE software ANSYS, and
the field strength was measured experimentally using a Gaussmeter. From the numerical
and experimental results, we conclude that the magnetic flux density in the cage regions
occupied by the coil is almost constant at approximately 0.749 T. We finished the chapter
by developing a general model of the harvester for further analysis.
In the next chapters we consider the dynamic response of the harvester in two configura-
tions corresponding to the two extreme positions of the harvester. In the first configuration,
the harvester is positioned horizontally and the mass m moves laterally when excited. In
the second configuration, the harvester is positioned vertically and the mass is allowed to
move up and down in response to base excitations.
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Chapter 4
Horizontal SVEH
This chapter analyzes the horizontal configuration of the SVEH. A model, as well as
experimental, analytical, and numerical results of the harvester are presented. Stability
and bifurcation analyses of the harvester are carried out to characterize the harvesting
parameter space, namely the frequency and amplitude of base acceleration.
4.1 Horizontal SVEH Model
Figure 4.1 shows a schematic of the horizontally aligned harvester. The seismic mass m is
treated as a point mass, which reduces the model to that shown in Figure 4.2. We set the
origin of the inertial coordinate system at the track midpoint.
In this configuration, the component of the weight along the track is zero (θ = 0),
therefore the harvester equation of motion can be obtained from Equation 3.2 as
mx¨+ (bm + be) x˙+ bn x
2x˙+ Fst(x) = −m y¨ (4.1)
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Figure 4.1: Schematic of the horizontally aligned SVEH
Figure 4.2: Simplified model of the SVEH
The restoring force Fst(x) accounting for the linear stiffness of the springs and impact with
the hard stops, the fully compressed springs, modeled as
• if −xs ≤ x ≤ xs, no contact occurs with springs and the stiffness is set to 0
• if xc ≤ |x| < xs, contact occurs with the springs and stiffness is set k1 = 950 N/m
• if xc < |x| ≤ L2 , contact occurs with the fully compressed springs and stiffness is set
to k2 = 10
5 N/m
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Figure 4.3: Force-displacement relationship
The linear spring stiffness k1 was measured experimentally, while the hard stop stiffness
k2 was estimated by matching the measured voltage waveform to that predicted by the
model. Therefore the restoring force-displacement relationship, Figure 4.3, can be written
as follows:
Fst(x) =

0 −xs ≤ x ≤ xs
k1(x− xs) xs < x ≤ xc
k2(x− xc) + k1(xc − xs) xc < x ≤ L2
k1(x+ xs) −xc < x < −xs
k2(x+ xc) + k1(xs − xc) −L2 ≤ x ≤ −xc
(4.2)
The cubic damping term represents mechanical energy losses present when the mass
engages the end springs [62]. It mimics van der Pol damping which results in sudden
velocity reversal similar to that which the mass experiences when it engages the end springs
[63]. The value of the cubic damping coefficient was found using the least squares method
to fit the experimental frequency-response curve data to the model’s frequency-response
curve.
The SVEH scavenges kinetic energy from environmental vibrations as base acceleration.
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We assume the input vibrations to be harmonic represented by
y¨ = a(t) = A◦ cosω t (4.3)
where A◦ and ω are the amplitude and frequency of base acceleration.
The equation of motion, Equation (4.1), is nondimensionalized using the nondimen-
sional variables,
xˆ =
x
L
, tˆ = ωn t (4.4)
and the nondimensional parameters,
α1 =
xs
L
, α2 =
xc
L
, A =
A0
Lmω2n
ζ1 =
be + bm
2mωn
, ζ2 =
bn
2mωn
, Ω =
ω
ωn
, γ =
(ωh
ωn
)2
Fˆst(x) =

0 −α1 ≤ xˆ ≤ α1
xˆ− α1 α1 < xˆ ≤ α2
−α1 + α2 + γ(xˆ− α2) α2 < xˆ ≤ 1
α1 + xˆ −α2 ≤ xˆ < −α1
α1 − α2 + γ(α2 + xˆ) −1 ≤ xˆ < −α2
(4.5)
where,
ωn =
√
k1
m
, ωh =
√
k2
m
(4.6)
The nondimensional equation of motion is written as,
x¨+ 2 x˙ (ζ1 + ζ2 x
2)− Fst(x) = A cos(2piΩ t) (4.7)
where the hats have been dropped for the sake of brevity.
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4.2 Experimental Results
The experimental setup is comprised of a LabWorks electromagnetic shaker, model ET-
126B [64], an amplifier, model Pa−138, a Vibration Research control unit, VibrationView
software interface [65], an accelerometer DYTRAN 3055B [66], and an oscilloscope. The
electromagnetic shaker, shown in Figure 4.4, acts as a source of base acceleration, while the
control unit maintains the commanded amplitude of base acceleration as the impedance
level of the harvester varies. We set the parameter space for base accelerations to the
frequency range 5–25 Hz and amplitude range 0.05 g–0.6 g at zero angle to the horizontal.
The harvester is attached by double adhesive tape to an L-shape platform mounted to the
shaker head, Figure 4.4. The accelerometer is glued to the L-shape platform along the
direction of motion. The frequency-response curves are obtained by measuring the har-
vester’s open-loop RMS output voltage across the coil terminals during frequency sweeps.
The output waveforms at a given base acceleration are measured using the oscilloscope.
Figure 4.4: Experimental setup for the horizontal SVEH
Figures 4.5 and 4.6 show the open circuit output voltage across 25 and 40 turns coils
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respectively. The waveforms were obtained in each case for a base acceleration amplitude
a b
c d
Figure 4.5: Output voltage waveforms for base acceleration amplitude of A◦ = 0.4 g and
frequencies of: a) ω = 14 Hz, b) ω = 15 Hz, c) ω = 16 Hz, and d) ω = 17 Hz using a 25
turns coil
of A◦ = 0.4 g at four frequencies along the resonant branch of the harvester. The measured
output voltages across the coil terminals are listed in Tables 4.1 and 4.2.
From the figures, we observe the SVEH’s anharmonic output voltage waveforms. In
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Table 4.1: Output voltage RMS for base acceleration amplitude of A◦ = 0.4 g across
terminals of a 25 turns coil
Base acceleration frequency (Hz) Output voltage (V)
14 108
15 124
16 142
17 158
Table 4.2: Output voltage waveforms for base acceleration amplitude of A◦ = 0.4 g using
a 40 turns coil
Base acceleration frequency (Hz) Output voltage (V)
15 125
17 158
17.86 175
19.72 204
particular, we note the existence of two closely spaced peaks during each half-cycle. The
time domain distortions indicate the existence of nonlinearities in the system response, as
a result of the impact of the seismic mass on the limiters.
Figure 4.7 shows the frequency-response curves of the 25 turns SVEH under frequency
up- and down-sweeps. The frequency of base acceleration was swept up and down the fre-
quency range 5–25 Hz, while maintaining the amplitude fixed at A◦ = 0.3g, 0.4g, 0.5 g, or
0.6 g. The SVEH frequency-response demonstrates coexisting high and low output voltage
branches corresponding to large (resonant) impact oscillations and small non-impact oscil-
lations. These branches coexist within hysteretic band limited from the right by a jump
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a b
c d
Figure 4.6: Output voltage waveforms across the 40 turns coil for base acceleration ampli-
tude of A◦ = 0.5 g and frequencies of: a) ω = 15 Hz, b) ω = 17 Hz, c) ω = 17.86 Hz, and
d) ω = 19.72 Hz
down during up-sweeps and from the left by a jump up during down sweeps. The har-
vester’s output voltage attains maximum value at the peak of the frequency-response curve.
The frequency-response curves and the hysteretic band extend further to the right (with
the peak voltage appearing at higher frequencies) as the amplitude of base acceleration
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and, therefore, input power is increased
Along the high voltage (resonant) branch, the voltage is almost linearly proportional to
the frequency regardless of the base acceleration amplitude. This phenomenon is attributed
to the seismic mass motions filling the entire track between the two springs. When the
mass motions reach the maximum allowable displacement,
d ≈ xt + xs − xc
it remains almost constant as the excitation level increases, since it is limited by the two
hard springs k2. As a result, the velocity along this branch can be approximated as,
x˙ ≈ ωd sin(ωt+ φ)
substituting x˙ in V = B l x˙ we can write the output RMS voltage as
V =
B l d√
2
ω (4.8)
As a result, the measured output voltage in this branch varies linearly with the frequency,
Figure 5.7, in accordance with Equation (4.8). Further, since base acceleration ampli-
tude does not appear in equation (4.8), the voltage output falls on the same line for all
acceleration amplitudes reported here.
The harvesting bandwidth increases with increasing acceleration amplitude. The har-
vesting bandwidth is defined as the difference between the frequencies at peak voltage
Vpeak and the half-power point
Vpeak√
2
on the upper (up-sweep) branch. A wide harvesting
bandwidth during frequency up-sweeps only. The bandwidth of the down-sweep is not
considered as it falls below the half-power point.
Similar experiments were conducted to obtain the frequency-response curves for the
40 and 60 turns SVEHs at base acceleration amplitude of A◦ = 0.5 g. Figure 4.8 com-
pares those results to that of the 25 turns SVEH. As the number of turns is increased
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Table 4.3: Peak RMS output voltage, frequency and harvesting bandwidth of the SVEH
for input acceleration amplitudes A◦ = 0.3 g, 0.4 g, 0.5 g and 0.6 g
Amplitude A◦ (g) Peak RMS Voltage (V) Peak Frequency(Hz) Bandwidth (Hz)
0.3 0.28 13.8 5
0.4 0.45 17.3 5
0.5 0.55 18.5 6
0.6 0.57 19.8 7
Figure 4.7: SVEH experimental frequency-response curves for base acceleration amplitudes
of A◦ = 0.3 g, 0.4 g, 0.5 g and 0.6 g
the electromechanical coupling (harvesting efficiency) results in increased output voltage
and harvesting bandwidth. Figure 4.8 shows that the SVEH peak voltage increases with
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Figure 4.8: Experimental frequency response curves for SVEHs with 25, 40 and 60 turns
coils at a base acceleration amplitude of A◦ = 0.5 g
an increase in the coil number of turns. The 60 turn SVEH reached a peak voltage of
1.14 V, while the 40 and 25 turns SVEHs reached a maximum voltage of 0.85 and 0.54 V
respectively. Elliot and Zelleti [67] derived a coil figure of merit (FoM) given by:
FoM =
(B l)2
Rp
(4.9)
The coil parasitic resistance Rp is given by:
Rp =
ρ l
A
(4.10)
where ρ is the coil’s material resistivity and l and A are its length and cross-sectional area.
Substituting Rp in Equation (4.9) we obtain:
FoM =
B2 l A
ρ
=
B2 V
ρ
(4.11)
66
where, V is the coil volume. Equation (4.11) indicates that the coil FoM (electromechanical
coupling efficiency) increases linearly with its copper volume. Using Equation (4.9), the
coil FoM for the 25, 40, and 60 turns SVEHs are listed in Table 4.4.
Table 4.4: SVEH coil FoM for coils with 25, 40, and 60 turns
Coil Turns Rp (Ω) FoM Copper Volume (m
3)
25 2.6 0.698 0.019
40 3.6 1.193 0.032
60 4.4 2.195 0.059
4.3 Output Power
In this section we investigate the optimal output power of the SVEH. A resistive load RL
was connected across the harvester’s coil terminals and the base acceleration frequency
was swept up and down the range ω = 5–20 Hz while the amplitude was held constant.
The frequency sweeps were repeated for different values of the resistive load. Since the
measured coil’s inductance were negligible, less than 100µWatts, the load can be assumed
to be purely resistive and the output power can be evaluated as P = V 2/RL, where V is
the output voltage measured across the load resistor RL.
For an acceleration amplitude A◦ = 0.2 g, the output power frequency curves are shown
in Figure 4.9 for five values of the load resistance in the range RL = 2.5 − 30.2 Ω. The a
maximum output power P ≈ 1.2 mW was achieved for a load resistor RL = 3.2 Ω. The
frequency output power curves for input acceleration amplitudes of A◦ = 0.3 and 0.4 g
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Figure 4.9: The frequency-power curves of the SVEH for input acceleration A◦ = 0.2 g
and optimal load resistance RL = 2.5–30.2 Ω
are shown in Figures 4.10 and 4.11, the corresponding optimal output power P ≈ 5 and
8 mW, and optimal resistances are Ropt = 2.8 and 3.2 Ω respectively.
Figures 4.12 shows the 60 turns SVEH frequency output power curve for a base accel-
eration of A◦ = 0.5 g. The output power is a function of the load resistance is shown in
Figure 4.13 for 25, 40 and 60 SVEHs. We conclude that the optimal power of the 25, 40
and 60 SVEHs is 5.4, 8.5 and 12 mW respectively, and the optimal load resistance is 2.2,
3.2 and 3.8 Ω.
Power conditioning circuits are required to rectify the time-varying output of the SVEH.
The anharmonic waveform of the SVEH raises a question of how efficiently can its output
be rectified compared to traditional (linear) VEHs that produce harmonic output voltage.
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Figure 4.10: The frequency-power curves of the SVEH for input acceleration A◦ = 0.3 g
and load resistance RL = 2.8–30 Ω
To answer this question, Yilmaz et al’s [68] high-efficiency full-wave MOSFET rectifier was
used to rectify the output voltage of the 40 turns SVEH excited with base acceleration
amplitude and frequency of A◦ = 0.4 g and ω = 18 Hz. The raw and rectified output
voltage are shown in Figure 4.14. The figure also shows the output voltage after a 100µF
smoothing capacitor was connected in parallel with the load resistance.
The RMS voltage of the raw signal is 575 mV, while that of the rectified signal is 535 mV.
The smoothed voltage signal has a DC voltage of 525 mV reflecting a rectification efficiency
of 93 %, close to the high-end of the rectification efficiency range reported by Yilmaz el
al. for linear VEHs [68]. This is expected since an important source of rectification losses
is the fraction of the harvesting cycle where the output voltage is less than the rectifier
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Figure 4.11: The frequency-power curves of the SVEH for base acceleration A◦ = 0.4 g
and load resistance RL = 3.2–30 Ω
threshold voltage. The loss fraction is smaller for SVEH voltage waveform, where voltage
reverse sign almost instantaneously during mass impacts with the walls, than it is for the
linear VEH harmonic (more gradual) waveform.
4.4 Numerical Frequency Response
The response of nonlinear dynamic systems can be determined numerically using long-
time integration. However, long-time integration does not converge to periodic solutions
easily near bifurcation points, provides no information about their stability, and can not
converge to the unstable solutions relevant to the study of system stability. Therefore, a
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Figure 4.12: The frequency-power curves of the 60 turns SVEH for base acceleration A◦ =
0.5 g and a coil with 60 turns for loads R = 1 to 7 Ω
shooting method in conjunction with Floquet theory is used to obtain periodic solutions
and determine their stability [69]. The method calls for an iterative process where the
system equations are integrated numerically for a period T starting from an initial guess.
Since periodicity requires the start and end points of the orbit to be identical, the difference
between them is used to correct the initial guess after each iteration in a Newton-Raphson
scheme. The desired orbit is obtained when the correction to the initial guess falls within
a predefined tolerance [69].
The SVEH’s equation of motion, Equation (4.1), can be written as a system of two first
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Figure 4.13: Harvester’s power versus load for input acceleration amplitude A◦ = 0.5 g for
25, 40 and 60 turns coil
order differential equations
x˙1 = x2 (4.12)
x˙2 = −be + bm
m
x2 − bn
m
x2 x
2
1 −
Fst(x1)
m
− y¨ (4.13)
which may be generalized in the form;
x˙ = F(x, t) (4.14)
where x is the state vector and F is the right hand side vector.
The objective of the shooting method is to find a periodic solution, x(t) = x(t + T ),
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Figure 4.14: The raw and rectified output voltage of the 60 turns SVEH excited with base
acceleration A◦ = 0.5 g and ω = 18 Hz
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that satisfies Equation (4.14) by solving the boundary-value problem
x˙ = F(x, t)
x(0) = η, x(T ) = η
(4.15)
where η is the vector of unknown initial conditions. We begin by making a guess for the
initial conditions η0. Defining ∆η such that
∆η = η − η0 (4.16)
Integrating the system of Equations (4.15) from the initial condition η0 + ∆η for a period
T , we obtain the following relationship
x(T,η0 + ∆η)− (η0 + ∆η) = 0 (4.17)
Expanding the first term of Equation (4.17) in a Taylor series about η0
x(T,η0 + ∆η) ≈ x(T,η0) + ∂x
∂η
(T,η0) ∆η + . . . (4.18)
combining Equations (4.17) and (4.18) gives the following:[∂x
∂η
(T,η0)− I
]
∆η = η0 − x(T,η0) (4.19)
where I is the identity matrix. The coefficient matrix ∂x
∂η
(T, η0) is the slope of the trajectory
x(t, η0) with respect to η. Differentiating the two elements of Equations (4.15) with respect
to η we obtain
∂
∂η
dx
dt
=
∂
∂η
F(x, t) = DxF(x, t)
∂x
∂η
∂
∂η
x(0) =
∂η
∂η
= I
(4.20)
To find the coefficient matrix, we change the order of integration in the left hand side of
Equation (4.20), combine Equations (4.15) and (4.20) and integrate the resulting coupled
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system
x˙ = F(x)
x(0) = η0
d
dt
[∂x
∂η
]
=
[
DxF (x)
]∂x
∂η
∂x
∂η
(0) = I
(4.21)
for a period T to obtain ∂x
∂η
(T, η0) and x(T, η0). Substituting these values in Equation
(4.19), we determine ∆ η, which is then used to update the guess value of the initial
conditions according to ηi+1 = ηi + ∆ ηi. This procedure is repeated iteratively until ∆ ηi
falls within a predefined tolerance.
Applying the shooting algorithm to the harvester’s model given by Equation (4.12), we
obtain the following system of differential equations
x˙1 = x2
x˙2 = −be + bm
m
x2 − bn
m
x2x
2
1 −
Fst
m
− y¨(t)
d
dt
∂x1
∂η1
=
∂x2
∂η1
d
dt
∂x1
∂η2
=
∂x2
∂η2
d
dt
∂x2
∂η1
= −be + bm
m
∂x2
∂η1
− bn
m
∂(x2 x
2
1)
∂η1
− 1
m
∂Fst
∂x1
∂x1
∂η1
d
dt
∂x2
∂η2
= −be + bm
m
∂x2
∂η2
− bn
m
∂(x2 x
2
1)
∂η2
− 1
m
∂Fst
∂x1
∂x1
∂η2
x(0) = η0
∂x1
∂η1
(0) = 1,
∂x1
∂η2
(0) = 0,
∂x2
∂η1
(0) = 0,
∂x2
∂η2
(0) = 1
(4.22)
To start the shooting algorithm an initial guess value of the periodic solution is required.
The harvester’s equation of motion, Equation (4.12), is solved by long-time integration for
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a given base acceleration and a point x0 on the steady-state orbit is selected as an initial
guess η0. The initial guess is used to solve the system of Equations (4.22) until convergence
is obtained. Convergence to a periodic solution is achieved when the change in the initial
guess between two iterations falls within a tolerance of ||∆η|| ≤ 10−4.
The stability of the orbits x(t,η) obtained from this process can be assessed using the
Floquet theory [69]. It analyzes the eigenvalues of the Monodromy matrix ∂x
∂η
(T,η), known
as the Floquet multipliers λi, and determines stability of the underlying periodic solutions
x(T,η) for a non-autonomous system, such as the SVEH, and the type of bifurcations they
undergo as follows:
• If all multipliers λi are located inside the unit circle of the complex plane, Figure
4.15, then the periodic solution is stable
• If any multipliers λi is located outside the unit circle, then the periodic solution is
unstable
• If a multiplier λi exists the unit circle through +1, Figure 4.15, then the system
experiences a cyclic-fold (CF), transcritical, or symmetry-breaking (SB) bifurcation
on the number and stability of the solution available either side of the bifurcation
point.
• If a multiplier λi exists the unit circle through -1, Figure 4.15, then the system
experiences a period-doubling (PD) bifurcation
• If a conjugate pair of multipliers λi and λ¯i exits the unit circle away from the real
axis, Figure 4.15, then the system experiences a Hopf bifurcation (HB)
Typically, period-doubling bifurcation occur in succession, called cascade, as a control pa-
rameter α is varied. Feingenbaum constant δ which relates the distance among of succes-
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Figure 4.15: Floquet multipliers: Bifurcation and stability of periodic solutions
sive period-doubling bifurcations in a cascade [70]. Fiegenbaum showed that the distance
among a sequence of period-doubling bifurcation along α scales according to a universal
constant defined as;
δ = lim
n→∞
αn−1 − αn−2
αn−1 − αn = 4.6629... (4.23)
As we approach chaos (an aperiodic motion where n → ∞), separating period doubling
bifurcations gets the distance smaller by a factor approaching δ. Equation 4.23 will be
used in the bifurcation analysis to calculate the Feingenbaum constant for period-doubling
bifurcations.
Since the response of the SVEH consists of stable and unstable branches and a number of
bifurcation points, one of the difficulties of running the shooting algorithm is to determine
the path (branch) to follow after each bifurcation point. There are tools that claim to detect
and compute the bifurcating branches automatically, such as AUTO97 [71], however these
are very specialized tools guaranteed to work only for specific systems. The alternative
and most assured way to determine the different branches at the system bifurcation points
is to run the code implementing the shooting algorithm manually. This is performed by
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chasing a range of the control parameter, frequency or amplitude of base acceleration, and
the iteration step size, the shooting algorithm is then executed over the specified range.
The Floquet multipliers are monitored after each run to check when a change happens.
The switch from stable to unstable branch happens when the Floquet multiplier exit the
unit circle. The range of the bifurcation parameter is then updated and the process is
repeated until the target control parameter range is covered and the stable and unstable
branches are obtained.
4.5 Model Validation
In this section the model presented in section 4.1 is validated by matching numerical and
experimental SVEH results. For validation, we compare the model response to the exper-
imental results in the time and frequency domains. A procedure that uses Mathematica’s
Levenberg function, and the least squares method is used to identify the nonlinear damping
bn by minimizing the sum of the squares of the residuals, difference between measured and
calculated mass displacement x(t). We define the differential equation governing the har-
vester’s dynamics as a function with bn as a variable. The sum of the residuals is defined as
the objective function to be minimized to find the best fit through the set of experimental
points. was developed to estimate and the hard-stop stiffness k2.
4.5.1 Time-Domain Validation
The time-response of the SVEH is obtained by integrating the harvester’s equation of mo-
tion, Equation (4.12), for a given base acceleration. Figure 4.16 shows the open circuit
waveform of 25 turns SVEH voltage obtained numerically and experimentally for accel-
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Figure 4.16: The 25 turns SVEH experimental and model open circuit voltage for input
acceleration A◦ = 0.5 g and frequency ω = 18 Hzs
eration amplitude A◦ = 0.5 g and frequency ω = 18 Hz. From the figure we observe a
close match between numerical and experimental results, which indicate that the model
captures and reproduces the behavior of the SVEH throughout the harvesting cycle.
Detailed analysis of the harvester time-domain response is carried out to investigate the
underlying causes for the anharmonic output voltage waveform along the impacting branch.
The seismic mass displacement x(t), the base displacement y(t), and the output voltage
V (t) were obtained numerically for base acceleration amplitude A◦ = 0.5 g and a frequency
along the impacting branch (ω = 18.89 Hz) and another along the non-impacting branch
(ω = 22 Hz). The results sre shown in Figures 4.17 and 4.18, respectively. Comparing
the waveforms of the displacement and voltage along the impacting branch, Figure 4.17,
show that voltage reversal occurs in the vicinity of maximum displacement, while the
mass engages the walls. The trough between each two similar-signed peaks in the voltage
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Figure 4.17: The 25 turns SVEH seismic mass displacement x(t), base displacement y(t),
and output voltage V (t) for base acceleration amplitude A◦ = 0.5 g and frequency ω =
18.89 Hz
waveform is due to mechanical and electromagnetic energy losses along the track as the
mass rebounds away from the wall. Because the phase angle between the mass and base
displacements is small, as the mass crosses the origin those losses dominate the energy
supplied by the base. As the mass approaches the other wall, the energy supplied by the
base grows fast and dominates energy losses, thereby increasing the mass velocity and
leading to a second peak in the waveform just before impact with the wall.
On the other hand, all the waveforms of the non-impacting orbit at ω = 22 Hz are
harmonic, Figures 4.18. The phase delay between the seismic mass and base displacements
is almost 180◦, indicating that the mass merely follows base acceleration (forcing). This
is a characteristic of all orbits along the non-impacting branch. We conclude that the
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Figure 4.18: The 25 turns SVEH seismic mass displacement x(t), base displacement y(t),
and output voltage V (t) for base acceleration amplitude A◦ = 0.5 g and frequency ω =
22 Hz
box-like double-peak voltage waveform is a fundamental characteristic of desirable SVEH
orbits indicating high energy harvesting along the impacting branch.
Figure 4.19 shows the Fast Fourier Transforms (FFT) of the impacting (blue) and non-
impacting (red) SVEH waveforms. The FFT of the impacting waveform shows peaks at the
forcing frequency, ω = 18.8 Hz, as well as higher harmonics at 2ω and 3ω, with significant
peak at 3ω. The FFT of the non-impacting waveform shows a single peak at the forcing
frequency. The existence of 2ω peak is due to the existence of quadratic nonlinearity in
the system, while 3ω is due to a cubic nonlinearity. The existence of a hardening cubic
nonlinearity is expected due the existence and symmetry of the hard stops (k2) at the walls
[61, 72]. The quadratic nonlinearity appears due to the electromagnetic field distribution
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[37].
Figure 4.19: FFT of 25 turns SVEH response for base acceleration A◦ = 0.5 g and frequency
ω = 18.8 Hz
4.5.2 Frequency-Domain Validation
Figure 4.20 shows the experimental and numerical frequency-response curves of the SVEH
for base acceleration amplitude A◦ = 0.5 g in the frequency range 4–25 Hz. The frequency-
response curves are made of two branches, an impacting branch that jumps down to a
non-impacting branch at ω = 18.945 Hz for the experimental curve and ω = 18.5 Hz
for the numerical curve. Comparison of the two curves shows that the model captures
the main features of the harvester response including switching between impacting and
non-impacting oscillations.
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Figure 4.20: The 25 turns SVEH experimental and numerical frequency response curves
for base acceleration amplitude of A◦ = 0.5 g
The numerical frequency-repose and phase curves of the 25 turns SVEH for base accel-
eration amplitude A◦ = 0.5 gare shown in Figure 4.21. The phase curve shows the phase
delay of the mass displacement with respect to the base displacement. The phase delay
of the mass increase form a low number along the impacting branch to reach 107◦ at the
peak. On the other hand, the phase difference along the non-impacting branch is almost
180◦.
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for base acceleration amplitude A◦ = 0.5 g
Figure 4.21: The 25 turns SVEH numerical frequency-response and phase curves for base
acceleration amplitude A◦ = 0.5 g
4.6 SVEH Analytical Solution
The averaging method is used to obtain an approximate closed-form periodic solution of
the harvester’s equation of motion [73], Equation (4.7). We seek a solution in the form:
x(t) = a sin(Ω t+ β) (4.24)
where a and β are slowly varying amplitude and phase. Differentiating Equation (4.24)
with respect to time we obtain;
x˙(t) = aΩ cos(Ω t+ β) (4.25)
subject to the constraint:
a˙ sinφ+ a β˙ cosφ = 0 (4.26)
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where φ = Ω t+ β. Substituting Equations (4.24) and (4.25) in Equation (4.7), we obtain
a second constraint:
Ω a˙ cosφ+ 2 aΩ ζ1 cosφ+ 2 a
3 Ω ζ2 cosφ sin(φ)
2 + F (φ) =
aΩ + β˙) sinφ+ A cos(Ω t).
(4.27)
Solving Equations (4.26) and (4.27) for a˙ and β˙ yields the modulation equations governing
the evolution of a and β:
a˙ =
cos(φ)
Ω
[
− 2a3ζ2Ω sin2(φ) cos(φ)− 2aζ1Ω cos(φ) + aΩ2 sin(φ) + A cos(β − φ)− F (φ)
]
a β˙ = −sin(φ)
Ω
[
− 2a3ζ2Ω sin2(φ) cos(φ)− 2aζ1Ω cos(φ) + aΩ2 sin(φ) + A cos(β − φ)− F (φ)
]
(4.28)
Next, we use Equation (4.24) to write the phase angle as: φ = arcsin(x
a
). The restoring
force can then be written in terms of the phase angle as [74].
F (φ) =

0 0 ≤ φ ≤ φ1
a sinφ− α1 φ1 ≤ φ ≤ φ2
aγ sinφ+ α2(1− γ)− α1 φ2 ≤ φ ≤ pi − φ2
0 pi − φ1 ≤ φ ≤ φ1 + pi
a sinφ+ α1 φ1 + pi ≤ φ ≤ φ2 + pi
aγ sinφ+ α2(γ − 1) + α1 φ2 + pi ≤ φ ≤ 2pi − φ2
a sinφ+ α1 2pi − φ2 ≤ φ ≤ 2pi − φ1
0 2pi − φ1 ≤ φ ≤ 2pi
(4.29)
where
φ1 = sin
−1
(α1
a
)
, φ2 = sin
−1
(α2
a
)
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are the phase angles corresponding the seismic mass engaging the linear spring at x = xs
and the fully compressed spring at x = xc, respectively. The diagram shown in Figure 4.22
illustrates the transformation of the restoring force expression from x to φ.
Figure 4.22: Phase transformation diagram
Integrating Equations (4.28) over a period of the fast time-scale (0, 2pi) and averaging
the result we obtain the modulation equations
a˙ =− 1
4
a3 ζ2 − a ζ1 + A cos(β)
2Ω
a β˙ =
1
2pi aΩ
[
− 2α2(γ − 1)
√
1− α
2
2
a2
− 2α1
√
1− α
2
1
a2
+ a
(
−2(γ − 1) sin−1
(α2
a
)
− 2 sin−1
(α1
a
)
+ pi γ
) ]
− aΩ
2 + A sin(β)
2aΩ
(4.30)
We define a detuning parameter σ describing the difference between the forcing frequency
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Ω and the normalized natural frequency as
Ω = 1 + σ
we rewrite the modulation equations in autonomous form as
a˙ =− 1
4
a3 ζ2 − a ζ1 + A cos(β)
2(σ + 1)
a β˙ =
1
2 pi a (σ + 1)
− 2α2(γ − 1)
√
1− α
2
2
a2
− 2α1
√
1− α
2
1
a2
+ a
(
−2(γ − 1) sin−1
(α2
a
)
− 2 sin−1
(α1
a
)
+ pi γ
)
− a (σ + 1)
2 + A sin(β)
2a (σ + 1)
(4.31)
Steady-state periodic oscillations of the harvester correspond to fixed points (a0, β0)
of the modulation Equations (4.31). These equations are solved numerically for the fixed
points as a function of the detuning parameter σ.
The harvester response obtained from the modulation equations, Equation (4.24), is
compared to its response obtained from the shooting method is shown in Figures 4.25 and
4.24 for Ω = 1. Figure 4.25 shows the seismic mass displacement and Figure 4.24 shows
its velocity as functions of time. The response obtained analytically, from time averaging,
is shown in blue lines and that obtained numerically, from the shooting method, is shown
in red lines. The results show that the analytical solution captures the amplitude and
frequency but not the waveform of the response. The existence of higher harmonics in
the impact oscillator response requires the use of more than one fast-time harmonic in the
assumed solution, Equation (4.24).
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Figure 4.23: The numerical (red) and analytical (blue) output voltage for base acceleration
amplitude and frequency of A0 = 0.6 g and ωn = 19.62 Hz
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Figure 4.24: The numerical (red) and analytical (blue) displacement of the seismic mass
m for base acceleration amplitude and frequency of A0 = 0.6 g and ωn = 19.62 Hz
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Figure 4.25: Numerically (blue) and analytically (green) obtained SVEH orbits for a base
acceleration amplitude and frequency of A0 = 0.6 g and ωn = 19.62 Hz
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4.7 Bifurcation Analysis
As the SVEH seismic mass moves between the two end limiters, its motions settle down on
various impacting and non-impacting attractors. We deploy bifurcation analysis to search
the parameter space of environmental vibrations for regions where attractors amenable to
energy harvesting are available. This is achieved by constructing bifurcation diagrams as
a control parameter, frequency or amplitude of base acceleration, is varied.
Frequency Bifurcation Diagram: The bifurcation diagram for the frequency of base
accelerations, Figure 4.26, is constructed by setting the amplitude to A◦ = 0.5. The figure
shows the existence of stable (solid line) and unstable (dashed line) branches, a number of
bifurcations, and a region of multivaluedness.
Figure 4.26: The SVEH frequency bifurcation diagram for base acceleration amplitude of
A◦ = 0.5 g
The grazing bifurcation (Gr) at Gr = 5.5 Hz signifies a fundamental change in the
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harvester response. At this bifurcation point the seismic mass touches the spring with
zero velocity. As a result, the non-impacting (lower stable) branch is born to the right of
Gr. It corresponds to the frequency where the amplitude of base displacement is equal
to the free track length xL =
A◦
Gr2
. Beyond the grazing bifurcation point (ω ≥ Gr), the
amplitude of base displacement becomes smaller than the track length, which allows for
stable non-impacting oscillations, such as that shown in Figure 4.27(b), to appear. We
note that the non-impacting branch is obtained through long time integration since it does
not involve a restoring force, and therefore lacks a stiffness term, leading to a a one-state
equation of motion and a singular Jacobian matrix, therefore precluding the use of the
shooting method as defined in Equation (4.22).
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Figure 4.27: Phase portraits of a) the stable impacting orbit at ω = 18.89 and b) stable
non-impacting orbit at ω = 19.84 Hz
Two impacting branches, Figure 4.27, coexist with the non-impacting branch beyond
the grazing bifurcation point. The larger is a stable impacting branch while the smaller
is an unstable impacting branch. The two impacting branches meet and disappear at a
cyclic-fold bifurcation at CF1 = 18.945 Hz. Along the large stable branch, the harvester
output voltage grows as the frequency of base acceleration increases. This is apparent
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in Figure 4.28 where the size of the blue orbits grows with increase in frequency. The
unstable branch stretches between the cyclic-fold at CF1 = 18.945 Hz and 5.5 Hz where it
disappears.
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Figure 4.28: Impacting orbits (blue) grow with frequency (5.5−18.945 Hz). Non-impacting
orbits (red) shrink as frequency is increased beyond the CF bifurcation (18.945− 25 Hz)
When the frequency is increased beyond CF1 = 18.945 Hz the response jumps down to
the lower stable (non-impacting) branch. Experimental and numerical results, Figures 4.7
and 4.26, indicate that the basin of attraction of the non-impacting branch shrinks as the
frequency of base acceleration approaches CF1. As the frequency of base acceleration is
decreased from values larger than CF1, the harvester response follows the non-impacting
branch before jumping up to the stable impacting branch. We found that the jump consis-
tently occurs before reaching the grazing bifurcation point Gr due to external disturbances.
An estimate for the grazing bifurcation Gˆr can be obtained by noting that at this point
the non-impacting orbit fills the track length xt touching the end springs with velocity
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zero. We can write the linearized equation of motion at Gˆr as
x¨+ 2ζ ωn x˙ = A◦ cos(2pi Gˆr t) (4.32)
assuming a harmonic response x(t) = d cos(2pi Gˆr t − φ), and substituting it into the
equation of motion to obtain
4pi2 d Gˆr
2
cos(2pi Gˆr t+ φ) + 4ζ1 pi Gˆr d sin(2pi Gˆr t+ φ) = A◦ cos(2pi Gˆr t)
Therefore, we can write
16pi4 d2 Gˆr
4
+ 16 ζ1
2 pi2 Gˆr
2
d2 = A2◦
and obtain a closed form estimate of Gˆr as:
Gˆr =
1
2pi
√√
d2 (A2◦ + 4 d2 ζ
2
1 )− 2d2 ζ21
d2
In fact, as base acceleration amplitude is increased, thereby providing an environment
richer in external disturbances, this jump happens at earlier points in the sweep down
further away from the grazing bifurcation, Figure 4.7 and Table 4.5. Furthermore, at
higher base acceleration amplitudes, the the RMS voltage output is non-smooth, Figure
4.7, indicating outbursts of higher output voltage impacting orbits within the regular lower
output voltage non-impacting orbits.
As the frequency of base acceleration is decreased along the stable impacting, the SVEH
response exhibits complex dynamics, Figures 4.29. First, the impacting oscillations undergo
a symmetry-breaking bifurcation at SB = 5.471 Hz. The symmetric orbit, 4.30, then
disappears via the cascade of period-doubling bifurcations PD listed in Table 4.6. After
the third period doubling bifurcation, a period-eight orbit (P8) emerges at PD8 = 4.681 Hz
only to disappear at ω = 4.68 Hz.
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Table 4.5: Jump-Up location along the non-impacting branch
A◦ (g) Gˆr (Hz) Jump-Up (Hz)
0.3 3.09 6.84
0.4 3.57 8.51
0.5 3.99 10.05
0.6 4.37 12.3
Figure 4.29: The SVEH bifurcation diagram for input acceleration A◦ = 0.5 g
Using the control parameter ω values listed in Table 4.6 and Equation (4.23), we de-
termine the Fiegenbaum number δ1 as;
δ1 =
P4− P2
P8− P4 = 4.349 (4.33)
which is close to the Feugenbaum universal constant δ = 4.669201.The difference is due to
the fact that the universal constant δ is the limit of the ratio of successive period-doubling
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Table 4.6: Bifurcation points in the frequency bifurcation diagram
Bifurcation Point Base acceleration amplitude (g)
CF1 18.9451
Gr 5.5934
SB 5.471
CF2 4.7453
PD1 5
PD2 4.84207
PD4 4.7111
PD8 4.6805
bifurcations as the number of period-doubling bifurcations approaches infinity.
At lower frequencies, two isolated impacting branches are available, a small stable
branch and a large unstable branch. They meet at a cyclic-fold bifurcation at CF2 =
4.7453 Hz and disappear beyond this point. The isolated branches co-exist with the ter-
minal stretch of the period doubling cascade.
We conclude that the optimal region for energy harvesting (resonant) branch between
the symmetry-breaking bifurcation SB = 5.471 Hz and the cyclic-fold (CF) at CF1 =
18.95 Hz. As the base acceleration frequency drops below SB the size of the orbits shrink
significantly as indicated by the change in the slope of the RMS voltage-frequency curve in
Figure 4.26. In addition, the dynamics of the harvester become more complex encountering
a cascade of period-doubling bifurcations and another branch of stable orbits. In this
region, the harvester’s output voltage is significantly reduced, which is an undesirable
operating condition.
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Figure 4.30: Phase portraits of orbit on a) the upper stable branch, b) lower stable branch,
a) P1 at ω = 5 Hz, and b) P2 at ω = 4.84 Hz , c) P4 at ω = 4.71 Hz, and d) P8 at
ω = 4.68 Hz.
Force Bifurcation Diagram: The bifurcation diagram shown in Figure 4.31 presents
the RMS voltage of the harvester as the base acceleration amplitude varies from A◦ = 0.1
to 0.2 g, while the acceleration frequency is held constant at ω = 6.5 Hz. A branch of stable
non-impacting orbits appears at A◦ = 0.1 g and terminates at the grazing bifurcation. It
coexists with a branch of larger (impacting) stable orbits. The impacting branch is born
out of a cyclic-fold bifurcation at A◦ = 0.103 g. A branch of stable non-impacting orbits
is present at A◦ = 0.1 g and terminates at the grazing bifurcation. It coexists with a
branch of larger (impacting) stable orbits. The impacting branch is born out of a cyclic-
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fold bifurcation at CF = 0.103 g. The grazing bifurcation appears at base acceleration
amplitude Gr = 0.6665 g, for amplitudes larger than (A◦ ≤ Gr) the stroke of the base
displacement is larger than the free track length xt, thereby precluding non-impacting
orbits.
Figure 4.31: Bifurcation diagram for input frequency ω = 6.5 Hz and A◦ = 0.1 to 2 g
The only available response beyond the grazing bifurcation is a branch of symmetric
impacting orbits. It undergoes a symmetry breaking bifurcation at SB = 0.7631 g, result-
ing in a branch of unstable symmetric orbits and a branch of stable asymmetric orbits.
Figure 4.33(b) shows the asymmetric orbit (blue line) obtained at A◦ = 0.772 g and its
image (red line) under the symmetry transformation (x −→ −x, x˙ −→ −x˙). The two
orbits are not identical, which proves loss of symmetry.
As the acceleration amplitude is increased further, the branch of asymmetric orbits
undergo a cascade of period-doubling bifurcations starting PD1 = 1.019 g and culminating
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Figure 4.32: The asymmetric orbit at base acceleration amplitude A◦ = 0.772 g
in a chaotic attractor at A◦ = 1.0959 g. Selected orbits within the period doubling cascade
are shown in Figure 4.7 demonstrating swift progression from P1 to P2, P4, P8, and P-16
orbits as A◦ increases. We note that these orbits are not suitable for energy harvesting,
since the velocity, and therefore output voltage, of the seismic mass drops to cross zero
along its path from the right to the left sides of the track. This can be seen in the bifurcation
diagram where the RMS voltage drops beyond the first period doubling bifurcation.
Table 4.7: Location of bifurcation points in the amplitude bifurcation diagram
Bifurcation Point Value (g)
CF 0.1
Gr 0.6665
SB 0.763
PD2 1.039
PD4 1.084
PD8 1.0938
PD16 1.0959
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Figure 4.33: Phase-portrait orbits within the period-doubling cascade a) P2 at A◦ =
1.025 g, b) P4 at A◦ = 1.084 g, c) and P8 at A◦ = 1.094 g, d) P16 at A◦ = 1.0959 g
Using the locations period-doubling bifurcation listed in Table 4.7, and Equation (4.23),
we determine the Feigenbaum numbers of the period-doubling cascade as
δ1 =
PD4− PD2
PD8− PD4 = 4.592 (4.34)
and
δ2 =
PD8− PD4
PD16− PD8 = 4.666 (4.35)
At the end of the period-doubling cascade, the SHEV lands on a chaotic attractor starting
at A◦ ≈ 1.1 g and ending at A◦ ≈ 1.2 g. Beyond A◦ = 1.2 g, a new stable branch is born
followed by a number of bifurcations culminating in a wider second region of chaos.
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We conclude that the harvester’s optimal range of operation is along the stable im-
pacting branch between the cyclic fold at CF = 0.103 g and the first period-doubling
bifurcation at PD1 = 1.019 g. In this region, the output voltage of the harvester increases
with base acceleration amplitude and reaches a maximum, (VPD1 = 0.6 V). At amplitudes
larger than the first period-doubling bifurcation, the output voltage drops.
4.8 Comparison of Linear and Nonlinear VEHs
We investigate the value added by the SVEH architecture by comparing its performance
to that of an equivalent linear vibration energy harvester (VEH), consisting of a magnetic
seismic mass m permanently attached to a linear spring k1. Similar mass moves along a
linear guide with respect to a fixed coil when subjected to base excitations with no walls
to limit its motions. The VEH equation of motion can be written as:
mx¨+ (bˆm + be)x˙+ k1 x = −m y¨ (4.36)
where bˆm = bm + bn and k1, are identical to those of the SVEH.
Figure 4.35 shows the frequency response curves of the open-circuit RMS output voltage
of the VEH and SVEH when excited by the same base acceleration amplitudes A◦ = 0.4, 0.5
and 0.6 g over the frequency range ω = 5 − 25 Hz. At base acceleration amplitude A◦ =
0.5 g, the VEH’s maximum output voltage is 558 mV obtained close to resonance (ω = ωn),
the SVEH produced output voltage is 537 mV using the model and 541 mV experimentally.
The results for all base acceleration amplitudes are listed in Table 4.8.
The harvesting bandwidth of the SVEH exists along the impacting branch only. Whether
the SVEH harvests energy within that frequency range depends on the current excitation it
experiences and its response to previous excitations. On the other hand, the VEH harvests
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energy whenever the frequency of excitation lies within its harvesting bandwidth. With
this caveat, we compare of the harvesting bandwidth of VEH to the SVEH’s model and
experimental bandwidths and find that the SVEH bandwidth is 300 % to 450 % wider than
that of the VEH. Finally, we note that the response of the VEH to acceleration amplitudes
A◦ = 0.6 g slightly exceeds that of the SVEH because motions of the VEH in the vicinity
of its natural frequency f = 19.9 Hz exceed the SVEH track length.
Table 4.8: Performance comparison among the LVEH model/ SVEH model/ SVEH exper-
iment for three levels of base acceleration amplitude
Amplitude (g) Peak Voltage (mV) Bandwidth (Hz)
0.4 450/420/460 0.85/2.4/2.6
0.5 558/537/541 0.95/3.98/4.1
0.6 680/635/646 1.14/5.3/5.5
We define a figure of merit to describe a harvester’s energy conversion efficiency as
the integral of the output voltage V (f) over the harvesting bandwidth weighed by the
probability P (f) of producing that voltage:
FoM =
∫ fL
fH
P (f)V (f) df (4.37)
where fL and fH are the lower and upper ends of the harvesting bandwidth. For linear
harvesters, P (f) = 1. For nonlinear harvesters, P (f) < 1 for frequencies where more than
one stable response are available.
To determine P (f) for the SVEH, we obtained the basins of attraction of available
solutions at discrete base acceleration frequencies and amplitude A◦ = 0.5 g. The basins of
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attraction were found by dividing the phase-space region (x = −xs −→ xs, x˙ = −0.4 −→
0.4) into 250 evenly spaced pixels. The SVEH equation of motion, Equation (4.1), was
integrated for 200 excitation periods 200T starting from an initial condition at the lower
left corner of each pixel, and the RMS of the velocity in the last 8 periods was evaluated
to represent the steady-state response in that pixel. Note the integration time was set
larger than the settling time > QT to guarantee steady-state response. Without loss of
generality, we calculated the probabilities of impacting orbits at four frequencies f = 6.5,
10, 13.5 and 14 Hz, and an averaged value over the frequency range 6.5–14/.Hz was used.
The basins of attraction at f = 6.5, 10, 13.5 and 14 Hz are shown in Figure 4.34.
All basins of attraction were normalized such that 1 corresponds to the RMS velocity
of the symmetric impacting orbit and 0 corresponds to the non-impacting orbit. Phase
space was also normalized to (x = −1 −→ 1, x˙ = −1 −→ 1). Blue pixels correspond
to resonant impacting orbits, white pixels correspond to non-impacting orbits, and green
pixels correspond to a coexisting chaotic attractor available only in the f = 6.5 Hz basin
of attraction. The basins of attraction at ω = 15 and 18 Hz were also evaluated. It was
found that region of interest in phase-space lies fully within the basin of attraction of the
non-impacting orbit. On the other hand, experimental results show that the jump-down
from an impacting orbit to a non-impacting orbit occurs at ω = 18.8 Hz which indicates
the presence of a finite uninterrupted basin of attraction for the impacting orbit in the
frequency range 15–18.8 Hz. This discrepancy between numerical and experimental results
indicate an over estimate of damping in the model.
From Table 4.9, we note that the efficiency of the SVEH is up to 232% better than that
of the VEH.
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Figure 4.34: Basin of attraction for frequencies ω = 6.5, 10, 13.5, and 14 Hz
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Table 4.9: The SVEH efficiency in comparison with the VEH
A◦ (g) VEH (mV.Hz) SVEH (mV.Hz) % Increase
0.4 0.446 1.035 92.4%
0.5 0.477 1.87 204.4%
0.6 0.534 2.26 232.2%
Figure 4.35: Frequency response curves of VEH and SVEH for amplitudes A◦ = 0.4, 0.5,
and 0.6 g
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4.9 Summary
In this chapter, a model of the horizontal SVEH was developed and numerical and ex-
perimental results were presented. The shooting method in conjunction with the Floquet
theory were used to perform bifurcation analysis of the base acceleration parameter space
(ω,A◦). The Method of Averaging was then used to obtain an approximate close-form
expressions for the harvester’s response.
Experimental and numerical results show, the SVEH can harvest energy from vibra-
tions with amplitudes as low as 0.1 g and frequencies in the range 5 and 19 Hz. The
optimal output power of the horizontal harvester is 12 mW, using a 60 turns coil, and the
corresponding optimal load is 4.4 Ω. Experimental and numerical results are in agreement,
which indicate that the model is a good representation of the SVEH and can be used to
analyze and optimize its design.
Bifurcation analysis revealed that the harvester is efficient in harvesting vibrations in
the upper branch of the frequency-response curve, which is approximately in the range 5
to 19 Hz. Above 19 Hz and below 5 Hz, the dynamics of the harvester become complex
(period-doubling cascade, acyclic-fold, and symmetry breaking bifurcations) and its energy
harvesting capabilities suffer as a consequence.
Base acceleration amplitude bifurcation analysis revealed that the SVEH can harvest
energy from amplitudes between 0.1 and 1 g. As the base acceleration amplitude is in-
creased above 1 g, the response of the harvester starts to exhibit complex dynamics, such
as period doubling and chaos, that reduce the harvested power significantly.
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Chapter 5
Vertical SVEH
The vertical configuration of the SVEH is suitable for environments where motions are
predominantly in the vertical direction. In this chapter we study the response of harvester
in the vertical configuration. Experimental results of SVEH showed that, depending on the
magnitude of base acceleration, the harvester possesses three distinct regions of operation;
linear, single-impact and double-impact. Experimental and numerical results of the vertical
SVEH, in all three regions of operation, are presented and analyzed.
5.1 Vertical SVEH
Figure 5.1 shows a schematic of the vertical SVEH. In this configuration, the linear guide
is aligned vertical along the direction of gravity of (θ = 90◦). The seismic mass moves
in the vertical direction when subjected to base accelerations. For low base acceleration
amplitudes, the seismic mass remains attached to the lower spring throughout motion
and the oscillation are essentially linear in response to low amplitude base accelerations.
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For moderately larger amplitudes, the mass is detached from the lower spring without
impacting the upper one. In this region, the seismic mass bounces up and down in response
to base accelerations impacting the lower spring in the process. For significantly higher
amplitudes, the mass impacts both springs during motion and its response is that of a
double-impact oscillator.
Figure 5.1: Schematic of the Vertically-aligned SVEH
The equation of motion of the vertical SVEH can be obtained form Equation (3.2)
mx¨+ (be + bm) x˙+ Fst(x) +mg = −m y¨ (5.1)
The seismic mass m is treated as a point mass, as shown in Figure 5.1. The origin
of the coordinate system is placed at the point where mass m rests on the lower spring.
The restoring force Fst(x) varies with the position of the seismic mass m according to the
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piecewise function:
Fst(x) =

0 0 ≤ x ≤ xt
k1x xc − xs < x ≤ 0
k1(xc − xs)+
k2(−xc + xs + x) −xs ≤ x ≤ xc − xs
k1(x− xt) xt < x < −xc + xs + xt
k1(xs − xc)+ −xc + xs + xt < x < xs + xt
k2(xc − xs − xt + x)
(5.2)
The force-displacement relationship describing the stiffness of the vertical harvester is
shown in Figure 5.2. The mechanical damping coefficient bm is calculated experimen-
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Figure 5.2: Restoring force-displacement relationship
tally from the SVEH’s experimental frequency-response curve when operating in the linear
regime. The quality factor Q of the SVEH is defined as:
Qm =
f0
∆f
(5.3)
where f0 is the center frequency, ∆f = f2 − f1, and f1 and f2 are the two half-power
frequencies. The quality factor for the open-loop harvester Qm, where be = 0, is then used
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to calculate the bm using the following formula;
Qm =
mω
bm
(5.4)
The center frequency and half-power bandwidth were found from the frequency-response
curve for the base acceleration amplitude of A◦ = 0.05 g. The linear mechanical damping
Table 5.1: Dynamic parameters of the SVEH
Parameter Value
Mass m (kg) 0.12
Stiffness k1 (N/m) 950
Center Frequency f0 (Hz) 21
Low cut off frequency f1 (Hz) 20.2
High cut off frequency f1 (Hz) 22.5
of the harvester was calculated from Equation 5.3 bm = 1.16 kg/s. The values of the VEH’s
parameters are listed in Table 5.1.
5.2 Experimental Results
A prototype of the 25 turns SVEH is mounted on an electromagnetic shaker as shown
in Figure 5.3, and base acceleration is applied as input excitation while the open-circuit
voltage across the harvester’s coil terminals is measured.
Experimental frequency-response curves of the harvester for different base acceleration
amplitudes were used to identify the SVEH’s regions of operation. The results show that
for base acceleration amplitudes in the range (A◦ ≤ 0.1 g) the response is linear. For
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moderate base acceleration amplitudes (0.1 g < Ao < 0.5 g), the SVEH’s response is that
of a single-impact oscillator (mass impacts on the lower spring). For high base acceleration
amplitudes (Ao > 0.5 g), the SVEH’s response is that of a double-impact oscillator (mass
impacts on the upper and lower springs).
Figure 5.3: Experimental setup of the vertical SVEH
5.2.1 Linear Regime: A◦ ≤ 0.1 g
In this case, the mass remains in contact with the lower spring and its response is that of
a forced, damped single degree of freedom spring-mass-damper. The frequency-response
curve of the SVEH is obtained by holding the base acceleration amplitude constant at
A◦ = 0.05g, while the frequency is varied in the range 5–35 Hz. The measured frequency-
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response curve of the open-circuit voltage (RMS) resembles that of a narrow band linear
VEH. The peak frequency is located at 21 Hz and the harvesting bandwidth is 1 Hz.
Figure 5.4: The experimental frequency-response curve of the vertical SVEH for input
acceleration A0 = 0.05 g
5.2.2 Single-impact Regime: 0.1 g ≤ A◦ ≤ 0.5 g
The experimental frequency-response curves of the SVEH open-circuit voltage for base
acceleration amplitudes in the range 0.2–0.5 g are shown in Figure 5.5. The figure shows the
up- and down-sweeps in the frequency range 5–35 Hz. We note the existence of nonlinear
phenomena in this regime, such as hysteresis between the up and down frequency sweeps
and jumps between an upper and a lower branch of the frequency-response curves. The
size of the hysteretic band increases with base acceleration amplitude from 1 Hz for base
acceleration amplitude A◦ = 0.2 g to 3 Hz for A◦ = 0.5 g. We note, the reduction in the
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Figure 5.5: The open-circuit frequency-response curves of the vertical SVEH under base
acceleration amplitudes in the range of A◦ = 0.2–0.5 g.
harvester’s effective stiffness shifts the peak frequency down from fc = 21 Hz the base
acceleration amplitude is increased, see Table 5.2. The shift in the peak frequency to the
lower values indicates the presence of a softening type nonlinearity due to the flight of the
mass unsupported during portion of each cycle of oscillations. As the level of excitations
increases and the time the mass spends in flight per cycle increases, the strength of the
softening nonlinearity increases.. Meanwhile, the maximum output voltage continues to
increase with base acceleration amplitude as expected.
Test results for the 60 turns SVEH were also obtained for the linear and single impact
regimes and are shown in Figure 5.2.2. The increase in coil copper volume increased the
output voltage of the harvester. For input base amplitude acceleration A◦ = 0.4 g an
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Amplitude A◦ (g) Peak RMS Voltage (V) Peak Frequency (Hz) Bandwidth (Hz)
0.2 0.06 16 4
0.3 0.09 14.3 5.6
0.4 0.12 12.5 6
0.5 0.14 11 8
Table 5.2: SVEH output voltage, peak frequency and bandwidth for base acceleration
amplitudes A◦ = 0.2, 0.3, 0.4 and 0.5 g
output voltage of V = 350 mV was recorded.
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Figure 5.6: The open-circuit frequency-response curve 60 turns SVEH at base acceleration
amplitude A◦ = 0.1–0.4 g.
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5.2.3 Double-impact Regime: 0.5 < A◦
For large excitations, the base acceleration amplitude was set to values in the range of
A◦ = 0.6–1 g. Figure 5.7 shows the frequency-response curves obtained for the open-circuit
voltage of the vertical from up and down-sweeps of the frequency range of 5–35 Hz. As in
the case of single impact, we note the up and down jumps between a lower an an upper
branches of response and hysteretic band limited by those jumps. In addition, a new branch
Figure 5.7: Frequency-response curves of the SVEH for base acceleration amplitude in the
range of A◦ = 0.6–1 g using a 25 turns coil.
of responses appears in the harvester’s frequency-response. Two additional jumps appear
to the right (at higher frequency) of the two original jumps in the frequency-response curves
leading up to the new branch during frequency down-sweeps and down from it during up-
sweeps. For instance, at base acceleration amplitude A◦ = 0.8 g the new jumps occur at
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ω = 13 Hz and ωc = 15 Hz. Along this branch, the vertical SVEH oscillations saturate as
noted in the case of the horizontal SVEH resulting in a linear relationship between output
voltage and frequency pf excitation regardless of the amplitude of base acceleration.
At low frequencies between 7 and 5 Hz we observe in Figure 5.7 the existence of the
superharmonic resonance of order two in response to acceleration amplitude A◦ = 0.8, 0.9,
1.0 g, which is caused by quadratic nonlinearities. This resonance harvest energy at low
frequencies.
Frequency response-curves of the 60 turns SVEH at base acceleration amplitudes A◦ =
0.6–0.8 g are shown in Figure 5.8. Maximum output voltage of V = 0.5, 0.75, and 0.9 V
are obtained for amplitude accelerations A◦ = 0.6, 0.7, and 0.8 g respectively, otherwise
the response is identical to that of the 25 turns SVEH.
Figure 5.8: Frequency-response curves of the SVEH with 60 turns coil and base acceleration
amplitude in the range of A◦ = 0.6–0.8 g
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The open-circuit voltage waveforms for the three regimes, shown in Figure 5.9, were
obtained experimentally for amplitudes of base acceleration at different frequencies for the
40 turns SVEH. The harvester’s waveforms for base acceleration amplitudes A0 = 0.05 g
and 0.01 g, Figure 5.9(a) and (b), is harmonic which is typical for linear VEHs. For base
acceleration amplitudes in the single-impact regime, the waveform deforms as the excitation
level increases, Figure 5.9(c)–(f), to approach a triangular waveform.
5.3 Power Analysis
Optimal power analysis of the SVEH in the three regimes is presented in this section. Base
acceleration amplitudes 0.05, 0.4, and 0.6 g were applied to the harvester with a resistive
load RL connected between the coil terminals. A frequency sweep was then performed on
the harvester using different load resistance in order to identify the optimal power and
optimal load in each regime.
Figure 5.10 shows the frequency-output power curves of the SVEH in the linear regime
for load resistance of RL = 5.5–40 Ω, and base acceleration and the measured optimal
power is 30 µWatts at an optimal load of RL = 5.2 Ω.
Figure 5.11 shows the the frequency-output power curve of the 25 turns SVEH for
base acceleration amplitude A◦ = 0.4 g to realize the single-impact regime. The measured
optimal power in this regime, Figure 5.11, is 2.2 mWatts and the optimal load isRL = 2.5 Ω.
Similarly, we measured the optimal power of the harvester in the double-impact regime
for base acceleration amplitude A◦ = 0.6 g. The measured optimal power in this regime,
Figure 5.12, is 3.5 mWatts and the optimal load is RL = 2.5 Ω.
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Figure 5.9: 40 turns SVEH Vertical SVEH voltage waveforms for base acceleration ampli-
tudes and frequencies: a) A0 = 0.05 g and ω = 19 Hz, b) A0 = 0.1 g and ω = 13.75 Hz,
c) A0 = 0.2 g and ω = 19 Hz, and d) A0 = 0.3 g and ω = 13 Hz, e) A0 = 0.4 g, and f)
A0 = 0.5 g.
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Figure 5.10: Frequency-output power curves for the 25 turns SVEH at base acceleration
amplitude A◦ = 0.05 g
5.4 Numerical Results
Applying the shooting method, described in section 4.4 to the vertical SVEH equation of
motion, Equation 5.1, we obtain its frequency-response curves numerically and determine
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Figure 5.11: Power frequency-response curves of the SVEH with 25 turns coil and amplitude
A◦ = 0.4 g
their stability.
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Figure 5.12: Frequency-output power curves of the vertical 25 turns SVEH for base accel-
eration amplitudes A◦ = 0.05 g
As in the experiments, the range of base acceleration amplitudes was chosen to explore
the three identified regimes of the vertical SVEH and the frequency was swept from 10 to
30 Hz.
5.4.1 Linear Regime
In this regime restoring force Fst reduces to a linear spring and the equation of motion
reduces to:
x¨ = −bm
m
x˙− k1
m
x− y¨ − g (5.6)
which can be written as:
x¨+ 2 ζ ωn x˙+ ω
2
n x = −y¨ − g, (5.7)
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Figure 5.13: Frequency-output power curves of the 25 turns SVEH for base acceleration
amplitude A◦ = 0.6 g
The numerical response of the harvester is obtained by substituting the parameter values
listed in Table 5.1 into Equation (5.7) and numerically integrating the resulting system.
The open circuit output voltage of the SVEH is obtained from Equation (2.11). Numerical
and experimental results, Figure 5.14, show the frequency-response curves for base accel-
eration amplitude A◦ = 0.05 g over the frequency range 5 to 35 Hz. The figures show a
good agreement between the experimental and numerical results. The harvester’s maxi-
mum output open-circuit voltage is 18 mV obtained at the center frequency fc = 21Hz
with harvesting bandwidth of 3 Hz.
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Figure 5.14: Numerical (red line) and experimental (blue +) open circuit voltage (RMS)
frequency-response curves for amplitude A◦ = 0.05 g
5.4.2 Single-impact Regime
Figure 5.15 shows the SVEH’s experimental and numerical up and down sweeps of the
frequency-response for base acceleration amplitude A◦ = 0.4 g. The results obtained
numerically compare reasonably well with the experimental results. In this regime, the
stiffness was reduced to k1 = 880 N/m, to account for the fraction of period where the
mass looses contact with the lower spring thus reducing the effective stiffness of the SVEH.
Unlike the linear regime, the response of the SVEh in the single impact regime is nonlinear
demonstrating multi-valued and unstable responses. In this subsection we focus on the
stability of periodic solutions obtained above for the impact regime 2.
Figure 5.16 shows the complete frequency-response curves of the SVEH for base ac-
celeration amplitudes A◦ = 0.1, 0.3, and 0.5 g. The solid and dashed lines represent the
stable and unstable branches respectively. We observe that for higher base acceleration
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Figure 5.15: Vertical configuration up- and down-sweep frequency-response curves for input
acceleration amplitude A◦ = 0.4 g and different frequencies : a) up-sweep, b) down-sweep
amplitudes, the frequency-response curve consists of three branches: a lower stable branch
running from A to A′, an unstable branch from A′ to B′, and an upper stable branch from
B′ to B. The lower stable branch corresponds to low energy harvesting, where the mass
does not lose contact with the lower spring, while the upper stable branch corresponds to
higher energy harvesting where the mass takes flight.
The stable lower branch meets an unstable branch in a CF bifurcation point at A′.
At the second CF bifurcation point B′, the unstable branch meets the upper stable
branch. Figure 5.17 shows the corresponding Floquet multipliers of the stable and un-
stable branches. The Floquet multipliers of the unstable branch A′ − B′ lie outside the
unit circle, while those corresponding the stable branches A−A′ and B′−B remain inside
the unit circle.
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Figure 5.16: The open circuit voltage of the 60 turns SVEH for base acceleration amplitudes
A◦ = 0.1, 0.3, and 0.5 g.
From the bifurcation analysis we, conclude that the sweet spot for energy harvesting
is along the upper stable branch from point B′. However, frequencies close to B′ in the
case of the vertical harvester frequencies close to the upper CF bifurcation point must be
avoided in order to maximize the harvested energy.
5.5 Summary
The vertical SVEH was investigated numerically and experimentally in this chapter. The
results show that the vertical SVEH possess three regions of operations, linear, sing-impact,
and double-impact. In the linear regime the response of the harvester is that of a forced,
damped, single degree of freedom oscillator under base excitation. The performance of the
harvester in this regime (A◦ < 0.5 g) is not desirable since its bandwidth is narrow and
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Figure 5.17: Floquet multipliers corresponding to the SVEH frequency-response for base
amplitude acceleration A◦ = 0.5 g
output power is low. In the single-impact regime, the harvester’s frequency-response curve
exhibits the nonlinear phenomena typical of impact oscillators including a shift of the peak
frequency as the amplitude of base acceleration in increased, indicating a softening type
nonlinearity. This softening allows for energy harvesting from low frequency vibrations.
The numerical analysis performed on the model show very close match between numerical
and experimental results for the linear and single-impact regimes. Bifurcation analysis
shows the existence of cyclic-fold bifurcations that cause the harvester’s output voltage to
suddenly drop from large impacting orbits to small non-impacting orbits. The desirable
operation range of the vertical SVEH in the single-impact regime lies along the resonant
impacting branch, while remaining away from the upper CF bifurcation.
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Chapter 6
Other Prototypes and Model Pitfalls
Many prototypes of the SVEH were designed, built, and analyzed. The prototypes’ designs
differed in a number of ways, but the features of the harvester that made significant
change to the harvester’s performance was the type of coil used in the electromagnetic
transducer and the magnetic circuit. One of the prototypes used a distributed PCB coil,
its performance was very poor, in particular the low output voltage. The poor performance
of this prototype prompted the design of the prototype presented in previous chapters.
In this chapter we present experimental results of the prototype with the distributed
coil to show the shortcomings of using such coil. The experimental results are analyzed,
discussed, and conclusions are made.
6.1 Distributed Coil
The prototype of the SVEH investigated here is similar to the one analyzed and discussed
in the previous chapters, with the exception of the electromagnetic transducer. The trans-
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Table 6.1: Magnet Specifications
Dimensions (mm) 25.4 x 6.35 x 1.588
Material Sintered Neodymium
Weight 4 gr
Surface Field (B) 12600 Gauss
ducer used a PCB coil and a weak magnetic circuit shown in Figure 6.1. The coil used is
a double-sided PCB coil distributed along the track of the harvester, while the magnetic
circuit used thin and magnets separated by an air gap equal in length to the magnet’s
width. The interaction between the coil and the magnetic field is of great significance in
Figure 6.1: Magnetic circuit of harvester prototype with distributed coil
vibration energy harvesting. The greater the interaction between the coil and the magnets
the greater the harvested energy. Analysis of the magnetic circuit discussed in the next
subsection reveal some interesting results that explain why the prototype with distributed
coil performed so poorly.
6.1.1 Magnetic Circuit Analysis
A model of the SVEH magnetic circuit, shown in Figure 6.1, is developed and simulated
using ANSYS. The model consists of permanent magnets with dimensions listed in Table
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6.1, a steel cage, an air gap between the magnets, an air gap separating the upper and lower
plates of the steel cage, and the air region surrounding the cage. Similarly, the boundaries
were set at five times the cage thickness to count for any stray magnetic field lines. The
relative permeability of air, steel, and permanent magnets were set to µa = 1, µs = 4000,
and µm = 1, respectively. A top view of the simulated magnetic flux density within the
Figure 6.2: Distributed coil SVEH simulated magnetic field flux density and flux lines
cage is shown in Figure 6.1.1
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a b
Figure 6.3: PCB harvester, a: harvesters components and b: built prototype
6.2 Experimental Results
In this section we present the experimental results of the first prototype in the vertical and
horizontal configurations. Testing of the VEH was conducted using an electromagnetic
shaker unit with accelerometer feedback which provide excitations with amplitudes and
frequencies that are suitable for our studies. Measurements of SVEH output is done using
VibrationView software that allows tests over a range of acceleration levels and frequencies.
6.2.1 Vertical Configuration
In the vertical configuration the harvester is aligned vertically as shown in Figure 6.4. A
base acceleration is applied to the housing unit as base excitation and the output voltage
across the harvester’s coil terminals is measured using VibrationView.
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Figure 6.4: Vertical VEH experimental setup
Linear Regime: (A◦ ≤ 0.05 g)
The SVEH linear regime is tested by applying a constant low base acceleration amplitude,
A◦ = 0.03g, while the frequency is swept up and down in the range 12 to 30 Hz. In this
regime, the seismic mass remains in contact with the lower spring and oscillates when
subjected to low harmonic input acceleration amplitudes. The test results show that the
response of the SVEH is linear with the output voltage peaking at resonance frequency
ω ≈ 16 Hz. Figure 6.5 shows the measured frequency-response curves of the voltage (RMS)
across the open circuit terminals of the coil.
Single-impact Regime: (0.05 g < A◦ < 0.5 g)
The experimental frequency-response curves of the voltage across the open circuit terminals
of the coil for base acceleration amplitudes in the range 0.2 to 0.5 g are shown in Figure
6.6. The figure shows the up- and down-sweeps in the frequency range 5− 35 Hz. The test
130
12 16 20 24
Frequency (Hz)
0
0.001
0.002
0.003
0.004
R
M
S 
Vo
lta
ge
 (V
)
Figure 6.5: Distributed coil SVEH linear regime frequency-response
Figure 6.6: Distributed coil SVEH single-impact regime frequency-response
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Figure 6.7: Distributed coil SVEH double-impact regime frequency-response
results of single-impact VEH shown in Figure 6.6 represent the open-load output voltage
of the harvester. We note that the maximum output voltage of the harvester for an input
acceleration A0 = 0.5 g is 16 mV.
Double-impact Regime: (Ao > 0.5 g)
For large excitations, the base acceleration amplitude was set to the range of A◦ = 0.6−1 g.
Figure 6.7 shows the frequency-response curves obtained for the open-circuit output voltage
of the VEH. As the base acceleration amplitude is increased beyond 0.5 g, te seismic mass
engages the two springs resulting in a double-impact oscillator that caused the output
voltage to increase slightly and attains a peak value of 60 mV for an base acceleration
amplitude A0 = 1.6 g, which is quite high for an ambient vibration.
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6.2.2 Horizontal Configuration
The SVEH is mounted on an electromagnetic shaker as shown in Figure 6.8, and a base
acceleration is applied as input excitation with amplitude Ao and frequency Ω. The test
was conducted by applying a frequency-sweep of ω in the range 3Hz and 12Hz while
holding the amplitude of base acceleration constant A◦. The VEH was tested for the
following base acceleration amplitudes: A◦ = 0.1 to 0.4 g in 0.1 g increments. Figure 6.9
shows the frequency-response curves of the RMS voltage for up- and down-sweeps of the
different base accelerations. Test results shown in Figure 6.9 show that the output voltage
Figure 6.8: Test Setup
of the VEH vary between 5 mV and 25 mV for input accelerations varying between 0.1 g
and 0.4 g.
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Figure 6.9: Frequency-response of the SVEH open-circuit voltage for base acceleration
amplitudes of A0 = 0.1− 0.4 g and a distributed coil with length l = 1.75 m
6.3 Summary
The experimental results of the SVEH prototype with a distributed coil, in either the
vertical and horizontal configurations, show that the harvester’s output voltage is way too
low. The maximum output voltage of approximately 50 mV was obtained from a base
acceleration amplitude A◦ = 1.6 g. On the one hand, this output voltage is very low for
most applications and for power conditioning. On the other hand, it is not easy to find
environmental vibration greater than 1 g. This proves that there are certain flaws in the
initial design that need to be identified and addressed.
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We observe from the ANSYS model of magnetic flux density, Figure 6.1.1, a wide area
where the flux density is essentially zero. This means that a portion of the PCB coil will
always be outside the magnetic field, reducing the effective length of the coil. And since
the coil is distributed along the length of the harvester, voltage will only be induced in
the part of the coil where the magnetic field is active, reducing the effective coil length
even further. Since the electromagnetic force Fem across the coil is proportional to the
effective length of the coil, this means that the lower the effective length of the coil the
lower the harvested energy. This limitations prompted the redesign the harvester’s coil
and the magnetic circuit in order to ensure that there are no gaps where the magnetic
field is low, and ensure that the entire coil remains inside the magnetic field. These two
fundamental changes in the design of the magnetic circuit and the geometry of the coil
resulted in a significant increase in the harvester’s performance presented in the earlier
chapter.
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Chapter 7
Conclusions and Future Work
7.1 Conclusions
In this thesis we studied the dynamics of a new architecture of an electromagnetic vibration
energy harvester, the springless VEH. We developed models of the harvester in two con-
figurations, vertical and horizontal, and investigated their response with respect to change
in the base acceleration amplitude and frequency.
We tested the vertical VEH experimentally and found that its response contains three
distinct regions of operation depending on the amplitude and frequency of base acceler-
ations. For low gs (A◦ ≤ 0.1 g) the response of the SVEH is linear, and for moderate
(A◦ ≤ 0.5 g) and high (A◦ > 0.5 g) base acceleration amplitudes, we observed a consistent
bending of the frequency-response curves of the coil RMS voltage to the left indicating an
effective softening-type nonlinearity. The softening nonlinearity appears due to the fact
that the effective stiffness of the system is reduced since the seismic mass spends a cer-
tain amount of time traveling in the air between the two springs. Further, for high gs, the
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spring-type end-limiters were found to saturate the realizable output voltage to a maximum
proportional to the track length but allow for a much wider energy harvesting bandwidth
as the base excitations amplitude increases. The softening nonlinearity found in this con-
figuration was observed numerically and experimentally. This softening effect shifted the
harvester’s center frequency, when in operating in the linear region, from ω = 21 Hz to
about 11 Hz when operating in the single-impact mode. In the third regime the frequency
shifted further to the left and the a new phenomena were observed. The harvester RMS
output voltage peaked at base acceleration frequency ω ≈ 5 Hz, indicating the existence of
subharmonic resonance. And the emergence of a new branch where the output voltage in-
creases linearly with the base acceleration frequency. These characteristics of the harvester
show that in the vertical configuration, the harvester can harvest environmental vibrations
with frequencies as low as 5 Hz. The maximum power that was achieved by the harvester
in this configuration was 5 mW. The nonlinearities in the harvester enhanced frequency
bandwidth of the harvester when compared with the linear harvester.
By contrast, analysis of the horizontal springless vibration energy harvester showed
different behavior than that of the vertical configuration. From experimental, as well as
numerical results, we observed a consistent bending of the frequency-response curves of the
harvester output voltage to the right indicating an effective hardening-type nonlinearity
and more bandwidth. A maximum output voltage of 1 V and an output power of 10 mW
were achieved from base acceleration amplitudes of 0.5 g. The harvesting bandwidth of
the horizontal configuration was BW = 8 Hz.
In terms of energy harvested, the horizontal configuration proved to be more efficient
as the output power was more than twice that of the vertical configuration.
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7.2 Future Work
Besides the challenges still facing vibration energy harvesters mentioned in this thesis,
another difficulty is power density and the harvester size. We intend to use the lessons
learned from this work to design a miniaturized version of the harvester by reducing its
weight and introducing a new type of stiffness mechanism to avoid the misalignment of the
springs. One option to do this is to look for MEMS technology and use it to fabricate a
magnetic harvester with impact.
On the modeling side, there are few issues that need to be ironed out. Validation of the
horizontal model needs to be revised in order to obtain a good match between experimental
and numerical results. The least squares method used to identify the model parameters is
suited for smooth systems, a more robust technique, that can handle nonsmooth systems,
will be sought to improve parameter estimation of the harvester model.
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